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Abstract. Let X be a reduced connected k-scheme pointed at a rational
point x ∈ X(k). By using tannakian techniques we construct the Galois clo-
sure of an essentially finite k-morphism f : Y → X satisfying the condition
H0(Y,OY ) = k; it is a torsor p : XˆY → X dominating f by an X-morphism
λ : XˆY → Y and universal for this property. Moreover we show that λ : XˆY → Y
is a torsor under some finite group scheme we describe. Furthermore we prove
that the direct image of an essentially finite vector bundle over Y is still an essen-
tially finite vector bundle over X . We develop for torsors and essentially finite
morphisms a Galois correspondence similar to the usual one. As an application
we show that for any pointed torsor under a finite group scheme f : Y → X
satisfying the condition H0(Y,OY ) = k, Y has a fundamental group scheme
π1(Y, y) fitting in a short exact sequence with π1(X, x).
Mathematics Subject Classification: Primary: 14E20, 14L15. Sec-
ondary: 14G32, 12F10, 11G99.
Key words: torsors, Galois theory, tannakian categories, fundamental group
scheme.
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1 Introduction
Let k be a field and X a proper reduced k-scheme satisfying the condition
H0(X,OX) = k (then it is in particular connected).1 The Nori fundamental
group scheme was defined as the Galois tannakian group scheme of the category
of essentially finite vector bundles on X [11]. We define the notion of essentially
finite morphism: these are finite faithfully flat morphims f : Y → X such that
f∗(OY ) is essentially finite. For instance torsors under finite group schemes, or
more generally towers of torsors are essentially finite morphisms. On the other
hand finite étale morphisms are essentially finite, and they are the only ones if
ch(k) = 0.
The aim of this article is to define the Galois closure of an essentially finite
morphism f : Y → X . It is a torsor under a finite group scheme which domi-
nates f and satisfies obvious universal properties (theorem 3.2). Moreover given
a torsor T → X under a finite group scheme G, there is a Galois correspon-
dence between subgroups of G and intermediate essentially finite morphisms,
correspondence similar to the usual Galois correspondence. Then we prove that
the direct image of an essentially finite vector bundle over Y is still an essen-
tially finite vector bundle over X (theorem 3.8). This allows us to give positive
answers to natural questions: the composite of two essentially finite morphisms
is essentially finite and being essentially finite is a property stable after base
change.
The point of view chosen here is to use the tannakian techniques introduced
by Nori in his definition of the fundamental group scheme. Another approach
discussed also by Nori is to see the fundamental group scheme as the projective
limit of the finite group schemes occurring in torsors over X . This last point of
view has been generalized by Gasbarri [6] allowing him to define the fundamental
group schemes of relative schemes over Dedekind schemes.
We show that if f : Y → X is a torsor under a finite group scheme satisfying
the condition H0(Y,OY ) = k then Y has a fundamental group scheme which fits
in a short exact sequence of fundamental group schemes (theorem 4.1). Using
Gasbarri’s approach M. Garuti addressed the question of the Galois closure of
a tower of torsors [5]. His Galois closure is not, however, the smallest possible.
moreover he obtained a short exact sequence similar to ours in the more general
setting of relative schemes over Dedekind schemes.
1In Nori’s papers k is a perfect field. The only point where this hypothesis is used is to
insure that the ring of endomorphisms H0(X,OX) of the unit object OX of the tannakian
category EF (X) is k. We do not assume here that k is perfect, but we make the hypothesis
H0(X,OX) = k
2
2 The fundamental group scheme.
In this section we briefly recall the tannakian construction of the Nori funda-
mental group scheme (cf. [10] and [11]). The situation is the following:
Notation 2.1. From now on k will denote a field. Let θ : X → Spec(k) be a
reduced and proper k-scheme such that H0(X,OX) = k endowed with a section
x : Spec(k)→ X.
We will consider in this article torsors over X under finite k-group schemes
G. They are finite, faithfully flat and G-invariant morphisms p : Y → X, locally
trivial for the fpqc topology, where Y is a k-scheme endowed with a right action
of G and X with the trivial action.
Nori defines in [11] the fundamental group scheme ofX as the Galois group of
a neutral tannakian category generated by the so called “finite vector bundles”.
Definition 2.2. A vector bundle F over X is said to be finite if there exist two
polynomials p(x), q(x) ∈ Z[x], where p(x) 6= q(x) have nonnegative coefficients
such that
p(F) ≃ q(F),
where the sum is the direct sum of vector bundles over X and the product is the
tensor product over OX .
It is a fact that finite vector bundles are semi-stable in the sense of Nori
([11], Ch. I, §2.3) and Nori considers the subcategory generated by the finite
vector bundles in the tannakian category SS(X) of semi-stable vector bundles
on X . More precisely:
Definition 2.3. Let S be a set of objects of SS(X). We denote SS(X)(S) the
full abelian subcategory of SS(X) generated by S. Since finite vector bundles
over X are semi-stables ([10] Corollary 3.5), if F is the set of finite vector
bundles over X, we denote EF (X) = SS(X)(F ). Objects of EF (X) are called
essentially finite vector bundles over X.
More generally take any subset U ⊆ Ob(EF (X)) and let U∨ be the set of
duals of objects of U ; let U1 := U ∪ U∨ and S be the set of all possible tensor
products of elements in U1. We denote SS(X)(S) by EF (X,U) the full abelian
subcategory of SS(X) generated by U . Let
iU : EF (X,U)→ Qcoh(X)
be the inclusion functor and let
x∗ : Qcoh(X)→ k-mod,
F 7→ Fx.
be the fiber functor associated to the section x ∈ X(k).
In what follows, we will use the neutral fiber functor
ωU = x
∗ ◦ iU : EF (X,U)→ k-mod.
When EF (X,U) = EF (X), we will use the notations ω = ωU and iX = iU .
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Nori proves the following result ([11], Chapter I, Proposition 3.7)
Theorem 2.4. For any U ∈ Ob(EF (X)), the category (EF (X,U),⊗, ωU ,OX)
is a neutral tannakian category.
Let (C,⊗, γ, 1C) be any neutral tannakian category, where γ is a neutral fiber
functor, let S be any k-scheme and α, β : C → Qcoh(S) be two fiber functors
with values in the category of quasi-coherent sheaves on S. We denote the
functor
Isom⊗S (α, β) : S-Sch → Set
T 7→ Isom⊗T (ϕ
∗ ◦ α, ϕ∗ ◦ β)
where ϕ : T → S is a morphism of schemes, S-Sch is the category of rel-
ative schemes over S, Set is the category of sets and Isom⊗(·, ·) stands for
(iso)morphisms commuting with the tensor product.
The general Tannaka duality insures that Aut⊗k (γ) := Isom
⊗
k (γ, γ) is repre-
sented by an affine group scheme and that the category C is equivalent to the
category of representations of this group scheme (cf. for instance [3], Theorem
2.11). We will refer to G := Aut⊗k (γ) as the tannakian Galois group scheme of
the tannakian category C attached to the neutral fiber functor γ.
Let p : S → Spec(k) be a scheme and FibS(C) the category of fiber functors
C → Qcoh(S). Let G-TorsS be the category of (right) G-torsors over S. We
have the following fundamental result ([2] and [3]):
Theorem 2.5. The functor
FibS(C) → G-TorsS
η 7→ Isom⊗S (p
∗ ◦ γ, η)
is an equivalence of gerbes.
Definition 2.6. Let k be a field, θ : X → Spec(k) a reduced and proper k-
scheme such that H0(X,OX) = k and let x ∈ X(k). Let EF (X) be the category
of essentially finite vector bundles over X and ω := x∗ ◦ iX : EF (X)→ k-mod
the fiber functor defined above. Then π1(X, x) := Aut
⊗
k (ω) = Isom
⊗
k (ω, ω) is
the fundamental group scheme of X in x.
The natural inclusion fiber functor iU : EF (X,U)→ Qcoh(X) gives rise to
a torsor over X given by
XˆU := Isom
⊗
X(θ
∗ ◦ ωU , iU )
under the (right) action of the affine k-group scheme π1(X,U, x) := Aut
⊗
k (ωU ).
Moreover the fiber at x is equipped with a rational point xˆU . Indeed we have
the following canonical isomorphisms (cf. lemma 3.15)
x∗(XˆU ) ≃ x
∗Isom⊗X(θ
∗ ◦ ωU , iU ) ≃
4
≃ Isom⊗k (x
∗ ◦ θ∗ ◦ ωU , x
∗ ◦ iU ) ≃ Isom
⊗
k (ωU , ωU ) = π1(X,U, x)
The image of the neutral element of π1(X,U, x) in x
∗(XˆU ) is xˆU by definition.
A torsor over X under a finite k-group scheme endowed with a k-rational point
in the fiber of X will be referred to as a pointed torsor.
Definition 2.7. We will call (XˆU , xˆU ) the universal π1(X,U, x)-torsor over X
(associated to the tannakian category EF (X,U)). When EF (X,U) = EF (X),
the corresponding universal torsor will be denoted (Xˆ, xˆ).
When |U | is finite, the fundamental group scheme π1(X,U, x) is finite. Thus
π1(X, x) is the projective limit of finite group schemes, and the universal torsor
Xˆ is the projective limit of torsors under finite group schemes.
Definition 2.8. We will consider the category whose objects are pointed torsors
under finite group schemes, i.e. triples (Y,G, y) where f : Y → X is a G-torsor
under some finite k-group scheme G endowed with a section y : Spec(k) → Y
such that f(y) = x.
A morphism ϕ : (Y1, G1, y1) → (Y2, G2, y2) between two pointed torsors is
the datum of two morphisms α : Y1 → Y2 and β : G1 → G2 where β is a group
scheme morphism, α(y1) = y2 and such that the following diagram
G1 × Y1 → Y1
↓ 	 ↓
G2 × Y2 → Y2
commutes (horizontal arrows being the actions of the concerned group schemes).
Definition 2.9. A pointed torsor (Y,G, y), as in definition 2.8, is said to
be a quotient torsor if for any pointed torsor (Y ′, G′, y′) and any morphism
ϕ = (α, β) : (Y ′, G′, y′)→ (Y,G, y), β is a faithfully flat morphism.2
Remark 2.10. A pointed torsor (Y,G, y) is a quotient torsor if and only if
G is a quotient of the fundamental group scheme π1(X, x), that is the canoni-
cal morphism π1(X, x)→ G is faithfully flat (cf. for instance [1], Corollary 2.8).
3 Galois closure of essentially finite morphisms.
We keep the notations introduced in paragraph 2.
2In [11], Ch. II. Nori says “reduced” instead of “quotient”. Because of the possible confusion
with the usual notion of reduced scheme, we changed the terminology.
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3.1 Statement of the results
Definition 3.1. Let f : Y → X be a finite and flat morphism (then faithfully
flat since finite and flat imply that f is closed and open and as X is connected,
f is surjective). The morphism f is said to be essentially finite if and only if
f∗(OY ) is an essentially finite vector bundle (cf. def. 2.3).
Let f : Y → X be an essentially finite morphism. Let us consider the full
tannakian subcategory of EF (X) generated by f∗(OY ) that is
EF (X, {f∗(OY )})
provided with the fiber functor ωU : x
∗ ◦ iU : EF (X,U) → k-mod, where
U := {f∗(OY )} and iU : EF (X,U) →֒ Qcoh(X) is as in paragraph 2. From
these data we get the fundamental group scheme G = π1(X,U, x) and the
universal torsor (XˆU , xˆU ). Denote by p : XˆU → X the structural morphism of
the universal torsor. The main result of this section is the following theorem.
Theorem 3.2. Assume that θ : X → Spec(k) is a proper reduced locally noethe-
rian k-scheme over a field k such that H0(X,OX) = k, endowed with a rational
point x : Spec(k)→ X. Let f : Y → X be an essentially finite morphism such
that H0(X, f∗(OY )) = k given with a rational point y in the fiber Yx of f at x.
1. Under these conditions there exists a unique faithfully flat morphism λ :
XˆU → Y sending xˆU to y and satisfying f ◦ λ = p.
2. Moreover λ : (XˆU , xˆU )→ (Y, y) has the structure of a pointed right torsor
under the stabiliser Gy of y under the action of G = π1(X,U, x) on the
fiber Yx.
3. Finally the universal torsor (XˆU , xˆU ) satisfies the following universal prop-
erty: for any quotient pointed torsor (T,H, t), and any faithfully flat mor-
phism µ : T → Y such that µ(t) = y, there exists a unique morphism of
pointed torsors (u, ϕ) where ϕ : H → G = π1(X,U, x) and u : T → XˆU
sending t to xˆU making the following diagram commutative
T
g

µ
##
u
  A
A
A
A
XˆU
p

λ // Y
f~~~~}}
}}
}}
}}
X
Notation 3.3. In the situation of theorem 3.2, the group H acts, via the mor-
phism ϕ : H → π1(X,U, x) on the fiber Yx. We will denote by Hy the stabilizer
of y in this action.
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Definition 3.4. Let f : Y → X be an essentially finite morphism endowed with
a rational point y in the fiber of x, and g : T → X a quotient torsor pointed
by a rational point t ∈ T (k). We will say that the pointed torsor dominates
the morphism f if there exists a faithfully flat morphism λ : T → Y such that
g = f ◦ λ and λ(t) = y.
Corollary 3.5. Let g : T → X be a quotient torsor under a finite group scheme
H over k pointed by a rational point t ∈ T (k).
1. The correspondence which associates to any essentially finite morphism f :
Y → X pointed by y ∈ Yx(k) dominated by the given torsor, the stabilizer
Hy < H is a bijection between pointed essentially finite morphisms f :
Y → X dominated by the given torsor, up to isomorphism, and closed
k-subgroup schemes of H, up to conjugation.
2. Moreover, f : Y → X is a torsor if and only if Hy is normal in H; in this
case it is a torsor under the group scheme H/Hy.
Remark 3.6. In the characteristic 0 case, essentially finite morphisms are just
finite étale morphisms. Let indeed f : Y → X be an essentially finite morphism.
After extension of scalars we may assume that there are points x ∈ X(k) and
y ∈ Y (k) such that f(y) = x. The theorem 3.2 insures the existence of a Galois
closure fˆ : XˆU → X which is a torsor under a finite group scheme G. As
ch(k) = 0, G is an étale group scheme, and then fˆ : XˆU → X is étale, which
implies that f : Y → X is itself étale.
We will see in paragraph 4 other examples of essentially finite morphisms,
namely towers of torsors under finite group schemes.
Remark 3.7. In [12], Nori shows that the fundamental group scheme of an
abelian variety is abelian. It then follows from the Galois correspondence that
any essentially finite morphism f : Y → X satisfying H0(Y,OY ) = k, where
X is an abelian variety defined over a field k, is itself a torsor under a finite
abelian group scheme.
Let f : Y → X be an essentially finite morphism. A natural question that
arises is whether the direct image of an essentially finite vector bundle over Y is
still essentially finite overX . Theorem 3.8 gives a positive answer in a little more
general setting. As an application we will show that the composite morphism
f ′ ◦ f of two torsors under finite group schemes f : Y → X and f ′ : Y ′ → Y ,
which in general is not a torsor itself, is an essentially finite morphism; therefore
we will be able to apply to this morphism the construction of theorem 3.2 and
to construct a sharp Galois closure for towers of torsor, i.e. the smallest torsor
dominating (in the sense of definition 3.4) the morphism f ′ ◦ f . We use a recent
result of Garuti (cf. [5]) who constructs a “Galois closure” of towers of torsors
(which is not the smallest possible torsor dominating the tower).
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Theorem 3.8. Let X be a reduced, proper k-scheme such that H0(X,OX) = k,
endowed with a rational point x ∈ X(k). Let Y be a k-scheme and f : Y → X
an essentially finite morphism. Let F be a vector bundle over Y trivialised by
a torsor over Y under a finite k-group scheme. Then the sheaf f∗(F) is an
essentially finite vector bundle over X.
From this theorem follows immediately that the composition of two essen-
tially finite morphisms is essentially finite:
Corollary 3.9. Let X be a reduced, proper k-scheme such that H0(X,OX) = k,
endowed with a rational point x ∈ X(k). Let Y be a reduced, proper k-scheme
such that H0(Y,OY ) = k, endowed with a rational point y ∈ Yx(k). Let Z be a
k-scheme and let f : Y → X and g : Z → Y be two essentialy finite morphisms.
Then f ◦ g is essentially finite.
Theorem 3.8 can now be applied to towers of torsors:
Corollary 3.10. Let k be a field and X a proper, reduced k-scheme, such that
H0(X,OX) = k, provided with a point x : Spec(k)→ X. Suppose we are given
two finite k-group schemes G and G′, a G-torsor f : Y → X and a G′-torsor
f ′ : Y ′ → Y .
Then (f ◦ f ′)∗(OY ′) is an essentially finite vector bundle over X.
Proof. As f ′ : Y ′ → Y is a torsor under G′, then Y ′×Y Y ′ ≃ Y ′×G′. Therefore
f ′∗(OY ′) is trivialised by the torsor f
′ : Y ′ → Y . According to Theorem 3.8,
(f ◦ f ′)∗(OY ′) is an essentially finite vector bundle.
From this and theorem 3.2 we finally obtain the Galois closure of towers of
torsors:
Corollary 3.11. Let k be a field and X a reduced proper k-scheme, such that
H0(X,OX) = k, provided with a point x : Spec(k) → X. Let G and G′ be two
finite k-group schemes, f : Y → X a G-torsor and f ′ : Y ′ → Y a G′-torsor.
We assume the existence of a point y : Spec(k)→ Y lying over x and of a point
y′ : Spec(k)→ Y ′ lying over y. We assume that H0(Y,OY ) = H0(Y ′,OY ′) = k
1. Then it exists a finite k-group scheme Gˆ, a Gˆ-torsor p : U → X pointed
by a rational point u ∈ U(k) above x and a faithfully flat morphism λ :
U ։ Y ′ with a right torsor structure such that f ◦ f ′ ◦ λ = p.
2. Moreover the torsor p : U → X satisfies the following universal property:
for any quotient triple (T,H, t), where g : T → X is a torsor under a finite
k-group scheme H and t a k-rational point over x, and a faithfully flat
morphism µ : T → Y ′ such that µ(t) = y′, there exists a unique morphism
of pointed torsors (h, ϕ) where ϕ : H → Gˆ and h : T → U sending t to u
making the following diagram commutative
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µ
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h
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?
?
U
p
 0
0
0
0
0
0
0
0
0
0
0
0
0
0
    A
AA
AA
AA
A
λ // // Y ′
f ′

Y
f

X
3. Denote by Y ′x the fiber of x in the morphism f ◦ f
′, and Y ′y ⊂ Y
′
x the fiber
of y in the morphism f ′. Let Gˆy′ (resp. Gˆy) be the stabilizer of y′ (resp.
of Y ′y) in the action of Gˆ on Y
′
x.
(a) Then Gˆy is a normal subgroup of Gˆ; f ′ ◦ λ : Xˆ → Y is a right torsor
under Gˆy; and G ≃ Gˆ/Gˆy in the Galois correspondence.
(b) Also Gˆy′ is normal in Gˆy; λ : Xˆ → Y ′ is a torsor under Gˆy′ ; and
G′ ≃ Gˆy/Gˆy′ in the Galois correspondence.
Proof. According to corollary 3.10 the sheaf (f ◦ f ′)∗(OY ′) is a finite vector
bundle. Theorem 3.2 insures the existence of a Galois closure U → X of the
essentially finite morphism f ◦ f ′ and it says that λ : U → Y ′ is a Gˆy′-torsor
where Gˆy′ is the stabilizer of y
′ in the action of Gˆ on the fiber Y ′x. So conclusions
1 and 2 of the theorem are immediate consequences of theorem 3.2 applied to
the essentially finite morphism f ◦ f ′. To prove 3 first remark that f ′ : Y ′ → Y
induces a morphism Y ′x → Yx which is compatible with the actions of Gˆ. Thus
the stabilizer Gˆy of Y
′
y is also the stabilizer of y in the action of Gˆ on Yx.
Thus the point 3 (a) is a consequence of the point 2 of corollary 3.5 applied to
the torsor p : U → X and the torsor f : Y → X . Finally by the point 1 of
corollary 3.5, U → Y is a torsor under Gˆy and the point 3 (b) is a consequence
again of second point of corollary 3.5 applied to this torsor and the G′-torsor
f ′ : Y ′ → Y .
In corollary 3.13 we will prove that for a morphism the property of being
essentially finite is stable after base change:
Lemma 3.12. Let X and X ′ be two reduced and proper k-schemes such that
k = H0(X,OX) = H
0(X ′,OX′). Let i : X ′ → X be any k-morphism. Assume
the existence of a k-rational point in X ′. Let F be an essentially finite vector
bundle over X. Then i∗(F) is an essentially finite vector bundle over X ′.
Proof. Let p : T → X be a torsor under a finite k-group scheme trivializing
F , set T ′ := T ×X X ′ with projections p′ : T ′ → X ′ and i′ : T ′ → T . It
follows that p′ trivialize i∗(F), indeed O⊕rT ′ ≃ i
′∗p∗(F) ≃ p′∗i∗(F). Let C be
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a proper and normal (then integral and regular) k-curve and j : C → X ′ any
non constant morphism. Then deg(j∗i∗(F)) = 0 by assumption, since F is
essentially finite, when i ◦ j is not constant and trivially when it is constant.
Now, the inclusion OX′ →֒ p′∗(OT ′) states that OX′ is a subbundle of p
′
∗(OT ′)
(i.e. the resulting quotient is a vector bundle) since p′ is finite and faithfully flat3.
Tensoring by i∗(F) we deduce that i∗(F) is a subbundle of i∗(F)⊗OX′ p
′
∗(OT ′);
the latter being isomorphic to p′∗p
′∗i∗(F) ≃ p′∗O
⊕r
T ′ , we finally obtain that i
∗(F)
is a subbundle of p′∗O
⊕r
T ′ . So in particular i
∗(F) is essentially finite (cf. [10]
proposition 3.7), p′∗O
⊕r
T ′ being (essentially) finite.
Corollary 3.13. Let X and X ′ be two reduced and proper k-schemes such that
H0(X,OX) = H0(X ′,OX′) = k. Let i : X ′ → X be any k-morphism. Assume
the existence of a k-rational point in X ′. Let f : Y → X be an essentially finite
morphism. Then f ′ : Y ′ = Y ×X X ′ → X ′ is essentially finite too.
Proof. f ′∗(OY ′) ≃ i
∗f∗(OY ) is essentially finite according to previous lemma.
3.2 Preliminary tools
Lemma 3.14. Let C and C′ be two tannakian categories, γ, η : C → Qcoh(S)
two fiber functors over a k-scheme S and F : C′ → C an exact tensor functor.
We have the following relation between torsors
Isom⊗S (γ ◦ F, η ◦ F ) ≃ Isom
⊗
S (γ, η)×
Aut⊗S (γ) Aut⊗S (γ ◦ F )
the second term being the contracted product (see for instance [4], III, §4, 3.2.).
Proof. Left to the reader.
Lemma 3.15. Let C be a tannakian category, j : S′ → S a flat morphism of
k-schemes, η, γ two fiber functors over S, then there is a canonical morphism
of right torsors
Isom⊗S′(j
∗ ◦ η, j∗ ◦ γ) ≃ j∗Isom⊗S (η, γ).
Proof. Left to the reader.
3The property of being locally free is local for the flat topology. And locally for the flat
topology, a finite and faithfully flat morphism V → U has a section ([9], proof of proposition
2.18, p. 17)
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Let G be a finite k-group scheme. There is a one-to-one correspondence
between right torsors f : T → X under the group G over X and tensor functors
γ : Repk(G)→ Qcoh(X) given by the following relation:
T ≃ Isom⊗X(θ
∗ ◦ forgetkG, γ)
where forgetkG : Repk(G) → k-mod is the forgetful functor (cf. theorem 2.5).
The fiber functor γ factors through a tensor functor γ˜ : Repk(G) → EF (X),
i.e. γ = iX ◦ γ˜, where iX is the inclusion of EF (X) into the category Qcoh(X)
([11], Chapter I, Prop. 3.8).
If one composes γ˜ with the inverse of x˜, one gets a tensor functor
(x˜)−1 ◦ γ˜ : Repk(G)→ Repk(π1(X, x))
which is equivalent to a morphism ϕ : π1(X, x)→ G. We consider the contracted
product
Xˆ ×π1(X,x) G
for the morphism ϕ. This is a right G-torsor.
Proposition 3.16. If T has a k-rational point over x, then T ≃ Xˆ ×π1(X,x)G.
Proof. Recall that Xˆ = Isom⊗X(θ
∗ ◦ ω, iX) where ω = x∗ ◦ iX . Using lemma
3.14, one has
(†) Xˆ ×π1(X,x) G ≃ Isom⊗X(θ
∗ ◦ ω ◦ γ˜, iX ◦ γ˜) ≃ Isom
⊗
X(θ
∗ ◦ x∗ ◦ γ, γ)
Using lemma 3.15 and the definition of T , one gets
x∗T ≃ Isom⊗k (x
∗ ◦ θ∗ ◦ forgetkG, x
∗ ◦ γ) = Isom⊗k (forgetkG, x
∗ ◦ γ)
The fact that T has a k-point over x means that x∗T is trivial, and then the
functors forgetkG and x
∗ ◦ γ are equivalent.
Replacing in the formula (†), we get
Xˆ ×π1(X,x) G ≃ Isom⊗X(θ
∗ ◦ forgetkG, γ) ≃ T
which completes the proof of the proposition.
Proposition 3.17. Under the hypothesis of proposition 3.16, there is an iso-
morphism of OX -algebras
f∗(OT ) ≃ γ˜(kG)
where kG denotes the regular representation of G (G = Spec(kG)).
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Proof. Recall the following commutative diagrams of functors:
EF (X)
x∗ //
x˜ ''OO
OO
OO
OO
OO
O
k-mod
Repk(π1(X, x))
forgetkpi1(X,x)
OO
Repk(G)
γ //
γ˜ &&LL
LL
LL
LL
LL
Qcoh(X)
EF (X)
iX
OO
So x∗T = Isom⊗k (forgetkG, forgetkπ1(X,x) ◦ x˜ ◦ γ˜) ≃ G viewed with the left
action of π1(X, x) on G defined by the morphism ϕ : π1(X, x) → G induced
by the functor x˜ ◦ γ˜ : Repk(G) → Repk(π1(X, x)). As x˜ is an equivalence of
categories, f∗(OT ) = (x˜)−1(V ), where V is the regular representation kG viewed
as a representation of π1(X, x) through ϕ, i.e. V = x˜ ◦ γ˜(kG). One concludes
that f∗(OT ) ≃ (x˜)
−1 ◦ x˜◦ γ˜(kG) ≃ γ(kG). As the functors involved in the proof
are tensor functors, they make correspond k-algebras and OX -algebras, and the
isomorphism f∗(OT ) ≃ γ˜(kG) is thus an isomorphism of OX -algebras.
Proposition 3.18. Under the hypothesis of proposition 3.16 the essential image
of γ˜ is constituted by the objects of EF (X) trivialized by the torsor f : T → X.
Proof. In one direction it is obvious: as T = Isom⊗X(θ
∗ ◦ forgetkG, iX ◦ γ˜) and
f∗T = Isom⊗X(f
∗ ◦ θ∗ ◦ forgetkG, f
∗ ◦ iX ◦ γ˜) is trivial, for any representation
V of G, f∗ ◦ iX ◦ γ˜(V ) is isomorphic to f∗ ◦ θ∗ ◦ forgetkG(V ) which is a trivial
vector bundle.
In the other direction, if F is an essentially finite vector bundle on X which
is trivialized by f : T → X , then f∗F ≃ OT ⊕ · · · ⊕ OT , and then f∗f∗F ≃
f∗(OT ) ⊕ · · · ⊕ f∗(OT ). Moreover, by proposition 3.17, f∗(OT ) is the image
by γ˜ of the regular representation of G and then f∗(OT ) ⊕ · · · ⊕ f∗(OT ) is in
the essential image of γ˜. As f is faithfully flat, F →֒ f∗f∗F , and then F is a
sub-object of an object of the tannakian category generated by f∗(OT ) and thus
is an object of the essential image of γ˜.
In conclusion there is a one-to-one correspondence between the following
objects:
1. torsors T → X under a finite group scheme G endowed with a rational
point t ∈ T (k) over x ∈ X(k)
2. morphisms ϕ : π1(X, x)→ G
3. exact tensor functors γ : Repk(G) → Qcoh(X) satisfying the relation
x∗ ◦ γ ≃ forgetkG.
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Proposition 3.19. With the previous notations, the following statements are
equivalent
1. H0(T,OT ) = k
2. ϕ is faithfully flat
3. γ is fully faithful
The proof, for which we refer the reader to [11], Chapter II, Proposition 3,
relies on the following lemma, that will be used later:
Lemma 3.20. Let G be an affine group scheme and Φ : Repk(G)→ EF (X) a
fully faithful tensor functor. Then for any representation V of G, H0(X,Φ(V )) ≃
V G.
Proof. We have the following equalities:
V G ≃ HomG(V
v, k) ≃ Hom(Φ(V )v,OX) ≃
≃ H0(X,Hom(Φ(V )v,OX)) ≃ H
0(X,Φ(V )).
Corollary 3.21. Let f : T → X be a pointed torsor under a finite group scheme
G. Then it is a quotient torsor if and only if H0(T,OT ) = k.
Corollary 3.22. Let f : T → X be a G-torsor pointed on t ∈ Tx(k), where
G is a finite k-group scheme, and ϕ : π1(X, x) → G the corresponding mor-
phism. Consider the tannakian category EF (X, {f∗(OT )}). Then the funda-
mental group scheme π1(X, {f∗(OT )}, x) is isomorphic to the image H of ϕ. It
is a closed subgroup of G, and is equal to G if and only if the pointed torsor
(T, t) is a quotient torsor, and in this case the universal torsor of the category
EF (X, {f∗(OT )}) based at x is isomorphic to f : T → X.
Proof. Examine the proof of the preceding proposition.
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3.3 Proof of Theorem 3.2
We keep the notations introduced in the statement of theorem 3.2. We will need
the following lemma.
Lemma 3.23. If H0(Y,OY ) ≃ k, the morphism ρ : G→ Yx defined by g → g ·y
is faithfully flat and induces an isomorphism G/Gy ≃ Yx.
Proof. First of all we observe that for any k-linear representation (V, σ) of G =
Spec(A) the set of fixed elements i.e. the set of all those v ∈ V such that
g · (v ⊗ 1R) = (v ⊗ 1R) (for any k-algebra R and any g ∈ G(R)) coincides with
the set of all v ∈ V such that γ(v) = v⊗1A where γ : V → V ⊗A is the comodule
structure associated to (V, σ). Now set Yx := Spec(V ) where V is a k-linear
representation of G with an additional k-algebra structure. The quotient Yx/G
is the cokernel of the double arrow
G× Yx
q1 //
q2
//Yx
where q1 : G×Yx → Yx maps (g, z) 7→ z and q2 : G×Yx → Yx (the action) maps
(g, z) 7→ g · z in the category of sheaves for the fppf topology. It is represented
by V G, the kernel of the double arrow
V
u //
γ
//V ⊗A
where γ : V → V ⊗ A is the coaction and u : V → V ⊗ A maps v 7→ v ⊗
1 (cf. the proof of the affine case in Th. 3.2, III, paragraph 2, 4.1 to 4.4
of [4]). According to lemma 3.20, V G ≃ k: apply indeed the lemma to the
equivalence F : Repk(G) → EF (X,U) associated to the universal torsor p :
XˆU → X ; F (V ) ≃ f∗(OY ), so in particular H0(X, f∗(OY )) ≃ H0(Y,OY ) ≃ k
by assumption. So Yx/G ≃ Spec(k). It follows from this that G×Yx → Yx×Yx
is surjective for the fppf topology (Th. 3.2, b, III, paragraph 2 of [4]) and thus
the morphism ρ : G→ Yx is surjective for the fppf topology.
On the other hand, ρ induces a monomorphism of fppf sheaves G/Gy → Yx,
where Gy denotes the stabilizer of y ([4], III, paragraph 3, 1.6). And then
G/Gy ≃ Yx.
Finally, according to [4], III, paragraph 3, 2.5, the morphism G→ G/Gy is
faithfully flat. This concludes the proof of lemma.
Proof of the Theorem 3.2.
1. Nori defines the functor F : Repk(G)→ EF (X,U), already mentioned in
the proof of lemma 3.23, which is an equivalence between the category of
representations of G = π1(X,U, x) and EF (X,U). As described in [2], 7.5-
7.12 the functor F induces an equivalence between finite G-schemes over
k and finite morphisms g : Z → X such that g∗(OZ) ∈ EF (X,U). In this
equivalence G corresponds to the universal torsor XˆU and Yx corresponds
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to Y . Then the k-morphism ρ corresponds to an X-morphism λ : XˆU →
Y :
XˆU
λ //

Y
~~~~}}
}}
}}
}}
X
whose fiber at x : Spec(k)→ X is precisely ρ.
2. The facts that G/Gy ≃ Yx and that the action m of Gy on G is free imply
that the morphism
(1) G×Gy
pr1×m// G×Yx G
is an isomorphism. This is an isomorphism of G-schemes, where G is
endowed with the left action of G on itself and Gy with the trivial action
of G. The image of this diagram by the equivalence of tannakian categories
F : Repk(G)→ EF (X,U) is the following isomorphism
(2) XˆU ×Gy → XˆU ×Y XˆU
whose fiber at x is given by the isomorphism (1).
To prove the second part of the statement, the only thing to check is that
λ : XˆU → Y is faithfully flat. Consider again the commutative diagram
XˆU
λ //
p

Y
~~~~}}
}}
}}
}}
X
and pull it back by XˆU → X . As we have seen in the proof of proposition
3.16, the functors p∗ and p∗ ◦ θ∗ ◦ x∗ from EF (X,U) to Qcoh(XˆU ) are
equivalent. Applying the two functors to the preceding diagram one gets
that the pull back by p is
XˆU ×G
1XˆU
×ρ
//
pr1

XˆU × Yx
yyyysss
ss
ss
ss
s
XˆU
As p and ρ are faithfully flat, λ is also faithfully flat.
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3. Since f is affine, f∗ is exact; so from the inclusion OY →֒ µ∗(OT ) we
get the inclusion f∗(OY ) →֒ f∗(µ∗(OT )) ≃ p∗(OT ). Being semi-stable,
f∗(OY ) is a sub-object of p∗(OT ) and then an object of the tannakian
category EF (X, {p∗(OT )}). Thus the inclusion is a fully faithful functor
of tannakian categories
EF (X, {f∗(OY )}) →֒ EF (X, {p∗(OT )})
which induces a faithfully flat morphism
H ։ π1(X, {f∗(OY )}, x)
between their tannakian Galois group schemes. As T is the universal
torsor associated to the tannakian category EF (X, {p∗(OT )}), from this
morphism one gets u : T ։ XˆU commuting with the actions of H and
π1(X, {f∗(OY )}, x). The same kind of arguments used in the second part
of the proof shows that this morphism is also faithfully flat.
Proof of the Corollary 3.5.
If f : Y → X is an essentially finite morphism pointed at y ∈ Yx(k), call
U = {f∗(OY )} and G = π1(X,U, x).
Suppose that f : Y → X is dominated by the pointed torsor g : T → X :
there exists a faithfully flat morphism µ : T → Y such that f ◦ µ = g
and µ(t) = y. By Theorem 3.2, there exists a unique morphism of torsors
(u, ϕ), where ϕ : H → G is a morphism of groups and u : T → XˆU is a
morphism of torsors making the following diagram commutative
T
p

µ
##
u
  A
A
A
A
XˆU
p

λ // Y
f~~~~}}
}}
}}
}}
X
To these morphisms of torsors correspondmorphisms of fundamental groups
π1(X, x) // // H // // G
One gets an action of H on Yx and the stabilizer Hy of y under this action.
Conversely if H ′ < H is a subgroup of H , the quotient H/H ′ is en-
dowed with an action of the fundamental group scheme π1(X, x) trough
the morphism π1(X, x) → H attached to the torsor p : T → X . To the
π1(X, x)-k-scheme H/H
′ corresponds a X-scheme f : Y → X such that
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f∗(OX) is essentially finite and Yx ≃ H/H ′. Moreover Y is pointed at
y ∈ Yx(k) corresponding to the image of the unit element in H/H ′ and
H ′ = Hy.
These correspondences are inverse of each other as in the situation con-
sidered above Yx ≃ G/Gy ≃ H/Hy as π1(X, x)-k-schemes.
If the morphism f : Y → X is a torsor, then it is a quotient torsor under
the group G. Then Gy = 1 and Hy which is the inverse image of Gy in
the morphism H → G is a normal subgroup of H . In this case G ≃ H/Hy
and thus f : Y → X is a torsor under the quotient group H/Hy.
Conversely if Hy is normal in H , Gy is normal in G, and as Yx ≃ G/Gy as
representations of π1(X, x), the fundamental group G = π1(X,U, x) which
is the image of π1(X, x) in this representation is isomorphic to the group
G/Gy. Thus Gy = 1 and f : Y → X is a torsor under G.
Remark 3.24. In the situation of theorem 3.2 (with the only difference that
we do not need the assumption H0(X, f∗(OY )) = k), Yx = Spec(V ) where V
is naturally a representation of π1(X, x) which factors through the morphism
ϕ : π1(X, x)→ G associated to the universal torsor (XˆU , xˆU ). Then Ker(ϕ) is
the kernel of the representation of π1(X, x) on V .
Let indeed K be this kernel. The inclusion Ker(ϕ) ⊂ K is obvious. In the
other direction, V is a representation of π1(X, x)/K, and as V generates the
tannakian category Repk(G), one has the inclusion
Repk(G) →֒ Repk(π1(X, x)/K)
which induces a surjective morphism π1(X, x)/K → π1(X, x)/Ker(ϕ) = G.
Thus K = Ker(ϕ) and G ≃ π1(X, x)/K.
3.4 Proof of Theorem 3.8
Throughout this section k will be any field. We first recall that for an integral
and projective curve C over k and any coherent sheaf F over C we define,
respectively, the rank and the degree of F as follows:
rk(F) := dimk(ξ)(Fξ) deg(F) := χ(F)− rk(F) · χ(OC)
where ξ is the generic point of C and χ(F) is the Euler-Poincaré characteristic
of F . Assume moreover that C is normal and let 0→ F ′ → F → F ′′ → 0 be an
exact sequence of coherent sheaves over C then clearly rk(F) = rk(F ′)+rk(F ′′)
and consequently deg(F) = deg(F ′) + deg(F ′′). If V and W are locally free
sheaves over an integral curve C over k then one can compute the degree of
V ⊗OC W as follows (cf. [14], Ch 6, §7, ex. 9):
deg(V ⊗OC W) = rk(V)deg(W) + rk(W)deg(V).
If F is a coherent OC -sheaf then the formula still holds:
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(⋆) deg(F ⊗OC W) = rk(F)deg(W) + rk(W)deg(F).
Indeed F has a locally free resolution of length 1 (cf. [7], III, Example 6.5.1,
Proposition 6.11 A and Exercise 6.5) thus there exist two locally free OC -
modules L0 and L1 and an exact sequence 0 → L1 → L0 → F → 0 that
we tensor by W thus obtaining another exact sequence
0→ L1 ⊗OC W → L0 ⊗OC W → F ⊗OC W → 0
whence the formula, by the additivity of the degree. We need the following
lemma, whose easy proof is left to the reader (otherwise compare with [8],
Lemma 3.2.1):
Lemma 3.25. Let C and C′ be integral and projective curves over k and f :
C′ → C a finite morphism of degree d. Let F be a coherent OC′-module and
G a coherent OC-module then deg(f∗(F)) = deg(F) + deg(f∗(OC′)) · rk(F); if
moreover f is flat or G locally free then deg(f∗(G)) = d · deg(G).
Lemma 3.26. Let C be a normal and proper curve over k, C′ a curve over k
and f ′ : C′ → C a finite and flat morphism. Denote by d = rkOC (f
′
∗(OC′)) the
degree of f ′ . Let A and B be, respectively, a locally free and a coherent sheaf
over C′. Let us denote the coherent OC-module f ′∗(A⊗OC′ B) by F . Then
deg(F) = d−1
(
rk(f ′∗(A))deg(f
′
∗(B))+rk(f
′
∗(B))deg(f
′
∗(A))−deg(f
′
∗(OC′))rk(F)
)
Proof. We let M denote F ⊗OC f
′
∗(OC′) and we compute its degree:
deg(M) = deg(F)rk(f ′∗(OC′)) + deg(f
′
∗(OC′))rk(F).
We will prove below the formulaM≃ f ′∗(A)⊗OC f
′
∗(B), thus, as f
′ is flat, f ′∗(A)
is locally free and the formula (⋆) gives
deg(M) = rk(f ′∗(B))deg(f
′
∗(A)) + rk(f
′
∗(A))deg(f
′
∗(B))
which is enough to conclude. It only remains to prove the isomorphism M ≃
f ′∗(A)⊗OC f
′
∗(B) as OC -sheaves: we have the following isomorphisms
f ′∗(B)⊗OC f
′
∗(A) ≃ f
′
∗(B ⊗OC′ f
′∗f ′∗(A)) ≃ f
′
∗(B ⊗OC′ A⊗OC′ f
′∗f ′∗(OC′)) ≃
≃ f ′∗(B ⊗OC′ A)⊗OC f
′
∗(OC′)
where the first and third isomorphisms hold by the projection formula (cf. [7],
II, Exercise 5.1) and the second is a consequence of the isomorphism
f ′∗f ′∗G ≃ G ⊗OC′ f
′∗f ′∗(OC),
which holds for any coherent OC′-module G since f ′ is affine.
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Definition 3.27. Let F be a vector bundle over a k-scheme T such that
deg(i∗(F)) = 0 for any proper and normal k-curve D and any non constant
morphism i : D → T : we will say that F has restricted degree 0.
Lemma 3.28. Let X and Y be two k-schemes and let f : Y → X be a finite
and flat morphism such that f∗(OY ) has restricted degree 0. Let F be a vector
bundle over Y which has restricted degree 0 . Then the vector bundle f∗(F) has
restricted degree 0.
Proof. We denote rk(f∗(OY )) by d. Let C be a normal and proper curve over
k, j : C → X a non constant morphism and C′ := Y ×X C; we consider the
following diagram:
C˜
s
@
@@
@@
@@
@
C′
j′ //
f ′

Y
f

C
j
// X
where C˜ is the normalization of an irreducible component (surjective over C)
of the curve C′red obtained by C
′ after reduction. We want to show that
deg(j∗f∗(F)) = 0. We know that
1. deg(s∗j′∗(F)) = 0 by assumption since j′ ◦ s is not constant because f ′ ◦ s
is surjective;
2. f ′∗j
′∗(F) ≃ j∗f∗(F);
3. for any quasi coherent OC′-module G we have s∗s∗(G) ≃ G ⊗OC′ s∗(OC˜).
We denote f ′∗s∗s
∗j′∗(F) by P . According to lemma 3.25 and point 1, we know
that
deg(P) = deg(f ′∗s∗(OC˜)) · rk(F).
Using point 3, we obtain
P = f ′∗s∗s
∗j′∗(F) ≃ f ′∗(j
′∗(F)⊗OC′ s∗(OC˜)).
We observe that deg(f ′∗(OC′)) = 0: indeed by point 2 we have f
′
∗(OC′) ≃
f ′∗j
′∗(OY ) ≃ j∗f∗(OY ) then deg(f ′∗(OC′)) = 0 by assumption. Hence, according
to lemma 3.26 deg(P) =
= rk(f ′∗(OC′))
−1
(
rk(f ′∗s∗(OC˜))deg(f
′
∗j
′∗(F))+rk(f ′∗j
′∗(F))deg(f ′∗s∗(OC˜))
)
=
= d−1
(
rk(f ′∗s∗(OC˜))deg(f
′
∗j
′∗(F))
)
+ d−1
(
d · rk(F) · deg(f ′∗s∗(OC˜))
)
;
but we already know that deg(P) = deg(f ′∗s∗(OC˜))·rk(F) thus deg(f
′
∗j
′∗(F)) =
0 and by point 2 we finally obtain deg(j∗f∗(F)) = 0.
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Proof of Theorem 3.8. We are given a proper reduced k-scheme X such that
H0(X,OX) = k and an essentially finite morphism f : Y → X . Let g : Z → Y
be a torsor under a finite k-group scheme G2 trivialising F (i.e. g∗(F) ≃ O
⊕r
Z
where r = rk(F)). First we need to observe that F has restricted degree 0. So
let C be an integral, proper and normal k-curve, j : C → Y a non constant
morphism and C′ := C ×Y Z. Let us consider the following diagram:
C˜
s
@
@@
@@
@@
@
C′
j′ //
g′

Z
g

C
j
// Y
where C˜ is an irreducible component of the curve C′red obtained by C
′ after
reduction then
deg(s∗g′∗j∗F) = deg(s∗j′∗g∗F) = deg(O⊕r
C˜
) = 0
and by means of lemma 3.25 deg(j∗(F)) = 0. By theorem 3.2 it exists a torsor
T1 over X under a finite k-group scheme G1 dominating f . Set T2 := T1 ×Y Z.
It is a G2-torsor over T1. According to [5] there exist two torsors under finite
k-group schemes u : T → X and r : T → T2 such that the diagram
T
r //
u

T2
t //

Z
g

T1 //

Y
f~~ ~
~~
~~
~~
X
commutes. Set h := t ◦ r : T → Z; it is a faithfully flat morphism. Then
h∗g∗(F) ≃ O⊕rT thus u∗h
∗g∗(F) is a finite vector bundle because u∗(OT ) is.
Since g ◦ h is faithfully flat then OY →֒ (g ◦ h)∗(OT ) which implies F ≃ F ⊗OY
OY →֒ F ⊗OY (g ◦ h)∗(OT ) ≃ (g ◦ h)∗(g ◦ h)
∗(F). This means (see the proof
of lemma 3.12) that F is a subbundle of (g ◦ h)∗(g ◦ h)∗(F). The morphism f
being affine and flat we deduce, from last inclusion, that f∗(F) is a subbundle of
f∗(g ◦ h)∗(g ◦ h)∗(F) = u∗h∗g∗(F) ≃ (u∗OT )⊕r but (u∗OT )⊕r is finite, then in
particular essentially finite. According to [10], Proposition 3.7, we just need to
verify that f∗F has restricted degree 0 in order to prove it is essentially finite,
but this is a consequence of lemma 3.28 since F has restricted degree 0.
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4 The short exact sequence of fundamental group
schemes
Nori showed in [10] that under the hypothesis of section 2, the category of tor-
sors under finite group schemes over X pointed above x is filtered, and that
the fundamental group scheme π1(X, x) is the projective limit of the groups
occurring in these torsors. This led Nori to approach the construction of funda-
mental group scheme in a different manner: a k-scheme pointed at x ∈ X(k) has
a fundamental group scheme based at x if there exists a universal torsor pointed
above x that dominates every torsor pointed above x under the action of a finite
group scheme (cf. [11], Chapter II, Definition 1). Then he proves that this is
equivalent as saying that the category of torsors under finite group schemes over
X pointed above x is filtered (cf. [11], Chapter II, Poposition 1). This point of
view has been generalized by Gasbarri in [6] to schemes over Dedekind rings.
As a consequence of the previous paragraph, we show here that if X is a
proper reduced scheme satisfying the condition H0(X,OX) = k endowed with
a rational point x ∈ X(k) and Y → X is a quotient torsor under a finite group
schemeG pointed on y ∈ Y (k) above x, then Y has a fundamental group scheme.
Moreover π1(X, x) and π1(Y, y) fit in an short exact sequence. This result was
obtained independently by Garuti [5] by another method in the more general
situation of relative schemes over Dedekind schemes.
Theorem 4.1. Let θ : X → Spec(k) be as before a locally noetherian proper re-
duced k-scheme endowed with a rational point x ∈ X(k) such that H0(X,OX) =
k and f : Y → X a quotient torsor under a finite group scheme G, pointed on
y ∈ Y (k) over x, corresponding to a faithfully flat morphism ϕ : π1(X, x)→ G.
Then Y has a fundamental group scheme based at y, π1(Y, y) ≃ Ker(ϕ) and
we have the following short exact sequence of group schemes:
1 // π1(Y, y) // π1(X, x)
ϕ // G // 1
Proof. Let f : Y → X be as in the statement of the theorem. It follows from
theorem 3.2 that there is a unique morphism of torsors λ : Xˆ → Y with respect
to the morphism ϕ : π1(X, x)→ G such that f ◦ λ = p and λ(xˆ) = y. Moreover
λ : Xˆ → Y is a torsor under Ker(ϕ).
On the other hand let g : Z → Y be a torsor under a finite group scheme,
pointed by z ∈ Z(k) above y. According to corollary 3.10, h = f ◦ g is an
essentially finite morphism, and thus is dominated by its Galois closure hˆ : Zˆ →
X , which is a quotient torsor itself dominated by p : Xˆ → X , where p : Xˆ → X
is the universal torsor of X based at x.
Thus λ : Xˆ → Y is the projective limit of the pointed torsors g : Z → Y ; it
is the universal torsor of Y based at y.
21
Corollary 4.2. Let θ : X → Spec(k) be as before a locally noetherian proper
reduced connected k-scheme endowed with a rational point x ∈ X(k) and f :
Y → X an essentially finite morphism pointed at y ∈ Y (k) above x. Assume
H0(Y,OY ) = k. Then Y has a fundamental group scheme based at y and
π1(Y, y) ≃ π1(X, x)y where π1(X, x)y denotes the stabiliser of y in the natural
action of π1(X, x) on Yx.
Proof. Let f ′ : Y ′ → Y be a pointed G′-torsor on Y under a finite group scheme
G′. Denote fˆ : Yˆ → X the Galois closure of f and consider the following
diagram, where the upper square is cartesian:
Z = Y ′ ×Y Yˆ

g′ // Y ′
f ′

Yˆ
g //
fˆ &&LL
LL
LL
LL
LL
LL Y
f

X
Then Z → Yˆ is a pointed G′-torsor, and according to theorem 4.1, there are
unique morphisms of pointed torsors λ : Xˆ → Z and µ : Xˆ → Yˆ making the
following diagram commutative:
Xˆ
λ //
µ
%%K
KK
KK
KK
KK
KK
K Z = Y ′ ×Y Yˆ

g′ // Y ′
f ′

Yˆ
g //
fˆ &&LL
LL
LL
LL
LL
LL Y
f

X
where Xˆ denotes the universal torsor on X based at x.
According to theorem 3.2, g◦µ is a pointed torsor over Y under the stabiliser
π1(X, x)y of y in the action of π1(X, x) on Yx. According to [11], lemma 1, a
k-scheme morphism between two torsors P and P ′ under affine group schemes
G and G′ on a k-scheme Y is a morphism of torsors relative to some unique
morphism of groups G→ G′ provided that H0(P,OP ) = k. Apply this to g′ ◦λ;
there exists a unique morphism of groups ϕ : π1(X, x)y → G′ such that g′ ◦ λ
is a morphism of pointed torsors relative to ϕ. This proves that g ◦ µ : Xˆ → Y
is an universal object in the category of pointed torsors under finite group
schemes on Y . One concludes that Y has a fundamental group scheme and that
π1(Y, y) ≃ π1(X, x)y.
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5 An example
We will restrict ourselves to the case of a characteristic 0 field k. With the hy-
pothesis of section 2, we have the classical short exact sequence of Grothendieck
étale fundamental groups:
1→ πe´t1 (Xk¯, x¯)→ π
e´t
1 (X, x¯)→ Gal(k¯/k)→ 1
where k¯ is an algebraic closure of k and x¯ is the geometric point correspond-
ing to x. The rational point x gives rise to a section s : Gal(k¯/k) → πe´t1 (X, x¯)
and πe´t1 (X, x¯) is in this way the semi-direct product of the geometric fundamen-
tal group πe´t1 (Xk¯, x¯) by the absolute Galois group of k. The section defines an
action of Gal(k¯/k) on πe´t1 (Xk¯, x¯) and this group endowed with this action can
be viewed as a pro-k-group scheme. This is the Nori’s fundamental group of
X based at x. In the case of an algebraically closed field k of characteristic 0,
it suffices to remark that finite k-group schemes are just finite abstract groups,
and that torsors under such finite group schemes are just Galois étale coverings
(cf. [14], Corollary 6.7.20). The general case is explained in Appendix 1.
We would like to translate in terms of étale fundamental groups the Ga-
lois closure constructed in section 3. Let f : Y → X be an essentially finite
morphism, which is just in this context a finite étale morphism. We assume as
usual that H0(Y,OY ) = k, which means that Y is geometrically connected. If
we enumerate the geometric fiber at x¯ as {1, . . . , d}, then the data of the degree
d étale covering Y → X is equivalent to a morphism ψ : πe´t1 (X, x¯) → Sd. This
morphism factors as ψ = θ ◦ Φ, where Φ : πe´t1 (X, x¯) → G, G is the image of
ψ and θ the inclusion G ⊂ Sd. The surjective morphism Φ corresponds to the
Galois closure Z → X of f : Y → X in the sense of Galois theory. Its restriction
to πe´t1 (Xk¯, x¯) factors through a surjective morphism ϕ : π
e´t
1 (Xk¯, x¯)→ H .
We have the following commutative diagram where all lines and the first and
third columns are exact:
1 // πe´t1 (Xk¯, x¯)
ϕ

// πe´t1 (X, x¯)
Φ

// Gal(k¯/k)

// 1
1 // H //

G //
θ

Gal(L/k) //

1
1 Sd 1
where L = H0(Z,OZ) is a finite Galois extension of k.
Geometrically it corresponds to the following diagram:
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Z //

Y
f

XL

// X

Spec(L) // Spec(k)
where Z is a Galois geometrically connected étale cover of XL of group H . The
section s induces a section sL : Gal(L/k)→ G of the second exact sequence
1 // H // G // Gal(L/k) // 1
and descent data from L to k of the Galois cover Z → XL in a cover p : T → X
as well as of the constant group H in a k-group scheme Hk (the Hopf algebra of
the constant group H over L is LH , whereas the Hopf algebra of Hk is the sub-
algebra (LH)Gal(L/k) of fixed elements under the natural action of Gal(L/k)).
Moreover these descent data are compatible with the right multiplication of H
on itself identified with the fiber at x¯ which commutes with the action of the
fundamental group and thus induces a right action of Hk on T .
One can describe explicitly these actions in terms of the preceding diagrams.
First the fiber of Z → XL at x¯ is identified to H and the action of an element γ
of π1(Xk¯, x¯) on this fiber is the left multiplication of ϕ(γ) ∈ H onH through this
identification, whereas the fiber of Z → X at x is identified with G. Secondly the
action of an element σ ∈ Gal(k¯/k) on the fibers at x - that of Z → X identified
with G and that of Y → X identified with {1, . . . , d} - is the conjugation by
Φ ◦ s(σ) (resp. θ ◦ Φ ◦ s(σ)).
The étale cover p : T → X , which is in general not Galois, corresponds to
the morphism Ψ : π1(X, x¯)→ SH defined in the following way:
∀γ ∈ πe´t1 (Xk¯, x¯), ∀σ ∈ Gal(k¯/k), ∀h ∈ H Ψ(γs(σ)).h = ϕ(γ)Φ(s(σ))hΦ(s(σ))
−1
which is an action clearly extending the action of πe´t1 (Xk¯, x¯) on H via ϕ. The
étale cover p : T → X which is a torsor under Hk is the Galois closure of
f : Y → X defined in paragraph 3.
With the tools introduced here one can check that p : T → X factors through
f : Y → X if Y has a k-rational point y. Indeed one can index the points of
the geometric fiber at x such that y corresponds to 1, which will be fixed under
the action of Gal(k¯/k), i.e.
∀σ ∈ Gal(k¯/k) (θ ◦ Φ ◦ s(σ)).1 = 1
Let us define a map H → {1, . . . , d} by the formula
F : h→ (θ(h)).1
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As Y → X is geometrically connected, the action of H on {1, . . . , d} is
transitive, and thus F is a surjective map. It is compatible with the actions of
π1(X, x¯) on H and {1, . . . , d}, and thus defines an unique morphism of covers
g : T → Y over X . This is indeed a consequence of the following computation:
F ((γs(σ)).h) = F (ϕ(γ)Φ(s(σ))hΦ(s(σ))−1) =
= (θ ◦ ϕ(γ) θ ◦ Φ(s(σ)) θ(h) θ ◦ Φ(s(σ))−1).1 = (θ ◦ ϕ(γ) θ ◦ Φ(s(σ)) θ(h)).1
In the other hand
γs(σ).F (h) = γs(σ).(θ(h).1) = θ(Φ(γs(σ)) h).1 = θ(ϕ(γ) Φ(s(σ)) h).1 =
= (θ ◦ ϕ(γ) θ ◦ Φ(s(σ)) θ(h)).1
Finally remark that the torsor p : T → X is a Galois cover of X if and only
if the action of Gal(k¯/k) on H is trivial or equivalently the Nori Galois group
Hk is the constant group H . In this case the the group G is isomorphic to the
direct product
G ≃ H ×Gal(L/k)
Consider the particular case where f : Y → X is itself a geometrically
connected torsor under a finite group scheme H0 and suppose that Y (k) 6= ∅.
According to corollary 3.22 the group-scheme Hk defined above is isomorphic
to H0 and the morphism g : T → Y defined above is an isomorphism of torsors.
We have the following cartesian diagram
Z ≃ YL //

Y
f

XL

// X

Spec(L) // Spec(k)
Let us consider another model f ′ : Y ′ → X over k of the Galois cover
Z ≃ YL → XL. It corresponds to another section s′ of the short exact sequence
1 // H // G // Gal(L/k) // 1
where H = H0 ×Spec(k) Spec(L) is a constant group and G = Gal(Z/X).
The groupH with the action of Gal(L/k) defined by s′ defines a k-group scheme
H ′ and Y ′ → X is a torsor under H ′.
If Y ′(k) 6= ∅, the argument used for Y → X applies to Y ′ → X , and one
concludes that the torsor Y ′ → X is isomorphic to T → X , and thus to Y → X .
We have shown the following statement:
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Proposition 5.1. Let f : Y → X be a geometrically connected torsor defined
over k under a k-group scheme H0, L/k the smallest Galois extension of k such
that H = H0 ×Spec(k) Spec(L) is constant. Suppose that Yx(k) 6= ∅. Then there
is a one to one correspondence between classes of conjugation of sections of the
short exact sequence
1 // H // G // Gal(L/k) // 1
and classes of isomorphism of k-models Y ′ → X of YL → XL. Both sets are
parametrised by H1(k,H0) pointed by the section s attached to the rational point
x ∈ X(k). This section corresponds to the unique (up to k-isomorphim) model
Y → X such that Yx(k) 6= ∅.
6 Appendix 1
6.1 Gerbes, groupoïds, and short exact sequences
The general tannakian duality statement says that a tannakian category is
equivalent to the category of representations of the gerbe of its fiber functors,
or equivalently to the category of representations of some k-groupoïd. The cor-
respondence between gerbes over k and k-groupoïds acting transitively on a
k-scheme is explained in [2]. Let us recall it briefly.
Given a gerbe G over a field k and a section ω over some k-scheme X , one
defines the groupoïd ΓX,G,ω = Aut(ω) → X ×k X , representing the functor
associating to any morphism (b, a) : T → X ×k X the set Isom
G
T (a
∗ω, b∗ω). If
u : Y → X is a k-morphism, one has the following formula
u∗ΓX,G,ω = ΓY,G,u∗ω
In the other direction, given a groupoïd Γ → X ×k X acting transitively
on the k-scheme X , one defines a fiber category G0X,Γ whose objects are k-
morphisms T → X and where the morphisms from a : T → X to b : T → X are
(a, b)∗Γ. The gerbe GX,Γ corresponding to the groupoïd Γ is the stack associated
to G0X,Γ.
Any morphism u : Y → X , where Y is a non empty k-scheme induces an
equivalence
GY,u∗Γ ≃ GX,Γ
We are considering here the case of the étale topology on Spec(k) and we
are going to explain that a gerbe G over Spec(k)e´t (or equivalently a k-groupoïd
acting on Spec(k¯)) is equivalent to a short exact sequence built from a section
ω ∈ G(k¯):
1→ AutG
k¯
(ω)→ Π→ Gal(k¯/k)→ 1
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where k¯ denotes the separable closure of k and Π is some profinite group we are
defining as follows.
As explained above, from ω ∈ G(k¯) one can define the groupoïd (s, t) :
Γ = Aut(ω) → Spec(k¯) ×k Spec(k¯) acting transitively on Spec(k¯). Call ∆ =
Spec(k¯) ×k Spec(k¯) the trivial groupoïd acting on Spec(k¯). And denote by
s : Γ1 → Spec(k¯) (resp. pr1 : ∆1 → Spec(k¯)) the schemes Γ (resp. ∆) endowed
with the map s (resp. pr1) over Spec(k¯).
The set ∆1(k¯) is canonically in bijection with Gal(k¯/k) and an element
γ ∈ Γ1(k¯) which maps to σ ∈ Gal(k¯/k) ≃ ∆1(k¯) is an element of Isom
G
k¯
(ω, σ∗ω).
There is a natural group structure on Γ1(k¯) compatible with the map Γ1(k¯)→
∆1(k¯) and the group structure on ∆1(k¯) ≃ Gal(k¯/k): it is defined in the fol-
lowing manner: if σ, τ ∈ Gal(k¯/k), γ ∈ IsomG
k¯
(ω, σ∗ω), δ ∈ IsomG
k¯
(ω, τ∗ω),
then
γ ∗ δ = σδγ ∈ IsomG
k¯
(ω, (τσ)∗ω)
thus the map Γ1(k¯)→ ∆1(k¯) is a group homomorphism whose kernel isAut
G
k¯
(ω).
Thus one gets the following short exact sequence
(1) 1→ AutG
k¯
(ω)→ Γ1(k¯)→ Gal(k¯/k)→ 1.
Let k ⊂ K ⊂ k¯ be an algebraic extension of k; one can pull the short exact
sequence (1) by the morphism Gal(k¯/K)→ Gal(k¯/k). A section s of this exact
sequence is the data for all σ ∈ Gal(k¯/K) of an isomorphism ϕσ : ω → ωσ
satisfying Weil cocycle conditions or equivalently descent data from k¯ to K for
ω. It is thus a section s˜ of the gerbe G on Spec(K).
Given two sections s and t of the short exact sequence (1) on Spec(K), the
morphisms from s˜ to t˜ in GL, where K ⊂ L ⊂ k¯ is a finite extension of K, are
the automorphisms of ω which are compatible with the descent data, that is the
elements γ ∈ AutG
k¯
(ω) satisfying
∀σ ∈ Gal(k¯/L) γ ⋆ s(σ) = t(σ) ⋆ γ
which expresses the commutativity of the following diagrams
x¯⋆
s(σ)

γ // x¯⋆
t(σ)

(σx¯)⋆
σγ // (σx¯)⋆
We have defined a fully faithful functor s → s˜ from the category of sections of
the short exact sequence (1) to the gerbe G. This functor is essentially surjective:
let ρ be a section of G on an extension K of k, k ⊂ K ⊂ k¯, then ρk¯ is isomorphic
over k¯ to the section ω. And then ρ is defined from ω through descent data.
As we have seen above one can associate to these descent data a section of the
short exact sequence (1). We have proved the following statement:
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Proposition 6.1. Any section s of the short exact sequence (1) on a finite
extension K of k gives rise to descent data from k¯ to K for ω and then to a
section s˜ of the gerbe G on K. The functor s → s˜ is an equivalence of gerbes
between the gerbe of sections of the short exact sequence (1) and the gerbe G.
When the gerbe G is neutral, one can choose a section ξ ∈ G(Spec(k)) and
ω = ξk¯. Then the descent data from k¯ to k defining ξ from ω give rise to a
section s of the short exact sequence:
s(σ) : ξk¯ ≃
σξk¯ = ξk¯
and for λ ∈ AutG
k¯
(ξk¯),
σλ = s(σ) ⋆ λ ⋆ s(σ)−1. One gets the following
statement:
Proposition 6.2. Suppose the gerbe G being neutral and choose a section
ξ ∈ G(Spec(k)). The k-group AutG(ξ) is then defined by the abstract group
AutG
k¯
(ξk¯) endowed with the action of Gal(k¯/k) by conjugation through s.
6.2 Nori’s fundamental group and Grothendieck’s funda-
mental group
We assume here that ch(k) = 0. Let X be as usual a proper reduced and
connected k-scheme with a rational point x ∈ X(k). Denote by x¯ the geometric
point corresponding to x and by k →֒ k¯ the embedding of fields. This geometric
point x¯ gives rise to a fibre functor x¯∗ from the Galois category of étale covering
of X to the category of sets (identified to the category of finite étale k¯-schemes).
On the other hand x gives rise to a neutral fiber functor ωx of the tannakian
category EF (X) to the category of finite k-vector spaces.
In this situation, the arithmetic and geometric étale fundamental groups are
well defined and fit in the fundamental short exact sequence
(2) 1→ πe´t1 (Xk¯, x¯)→ π
e´t
1 (X, x¯)→ Gal(k¯/k)→ 1.
The rational point x ∈ X(k) defines a splitting of this short exact sequence, and
thus an action of Gal(k¯/k) over the abstract profinite group πe´t1 (Xk¯, x¯).
In the gerbe G of fibre functors of the tannakian category EF (X), for any
fibre functor ω, AutG(ω) = Aut⊗(ω), where this notation represents the group
of automorphisms of ω compatible with the tensor product. To show that Nori’s
fundamental group AutG(ωx) is the k-group defined by π
e´t
1 (Xk¯, x¯) endowed with
the action defined above, in view of Proposition 6.2 it suffices to show the
following proposition:
Proposition 6.3. There are isomorphisms making the following diagram com-
mutative:
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1 // AutG(ωx)
≃

// Γ1(k¯) //
≃

Gal(k¯/k) //
=

1
1 // πe´t1 (Xk¯, x¯)
// πe´t1 (X, x¯)
// Gal(k¯/k) // 1
where the first row is the exact sequence (1).
Proof. For all σ ∈ Gal(k¯/k) and for any étale covering h : Y → X , we have a
cartesian diagram
Yk¯ =
σYk¯
σhk¯

βσ // Yk¯
hk¯

Xk¯
ασ //

Xk¯

Spec(k¯)
σ˜ // Spec(k¯)
The restrictions of βσ to the fibers of x¯ and
σx¯ induce maps between finite
sets
βσ : (
σx¯)⋆(σY )→ x¯⋆(Y )
They define a natural transformation that we still denote ασ :
σx¯⋆ ⇒ x¯⋆.
To γ ∈ IsomG(ωx¯, σωx¯) ⊂ Γ1(k¯) let us associate γ˜ : x¯∗ ⇒ σx¯∗ and define
Φ(γ) = ασ ◦ γ˜ ∈ π1(X, x¯)4. The following commutative diagram proves that Φ
is a group homomorphism:
(στ x¯)⋆(στY )
σβτ // (σx¯)⋆(σY )
βσ // (x¯)⋆(Y )
(σx¯)⋆(σY )
σ δ˜
ggOOOOOOOOOOO
σΦ(δ)
OO
βσ // (x¯)⋆(Y )
Φ(δ)
OO
(x¯)⋆(Y )
γ˜
ffMMMMMMMMMM
Φ(γ)
OO
To verify that Φ is an isomorphism, il suffices to check that the diagram
1 // AutG(ωx)
Φ
|AutG(ωx)

// Γ1(k¯) //
Φ

Gal(k¯/k) //
=

1
1 // πe´t1 (Xk¯, x¯)
// πe´t1 (X, x¯)
// Gal(k¯/k) // 1
4The category of étale finite covering of X can be identified to a subcategory of EF (X)
by the functor which sends a finite étale covering f : Y → X to f∗OY . We are identifying the
restriction to this subcategory of ωx,k¯ with x¯
∗
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is commutative and that the two maps Φ|AutG((ωx)) : Aut
G(ωx)→ π1(Xk¯, x¯) and
∆1(k¯) → Gal(k¯/k) are isomorphisms. It is obvious for the second one. As for
the first one it suffices to notice that AutG(ωx) is the Nori’s fundamental group
of Xk¯ based at x¯, which is known to be isomorphic to the projective limit of
finite k¯-group schemes occurring in finite torsors Y → Xk¯, which is equivalent
to finite étale Galois covering of Xk¯. Thus Aut
G(ωx) is isomorphic to π1(Xk¯, x¯).
To check that the diagram is commutative we only have to check that the
right square is commutative. The morphism πe´t1 (X, x¯)→ Gal(k¯/k) is associated
in the Galois theory with the functor which sends any finite étale k-algebra
k ⊂ K to the purely arithmetic covering X ×Spec(k) Spec(K)→ X .
Let k ⊂ K be a finite étale k-algebra. The structural morphism x¯⋆(XK)→
Spec(k¯) can be identified canonically to Spec(K⊗k k¯) ≃ Spec(k¯
SK )→ Spec(k¯),
where SK is the set of k-embeddings of K in k¯, corresponding to the diagonal
morphism k¯ →֒ k¯SK . In particular it does not depend on the k¯-point x¯.
Let γ be in IsomG(ωx¯, σ
∗ωx¯) ⊂ Γ1(k¯) where σ ∈ Gal(k¯/k). When we restrict
γ to the full subcategory T of EF (X) whose objects are OXK , where k →֒ K
runs among finite étale k-algebras (or more generally finite k-vector spaces), we
get a tensor automorphism of the trivial fibre functor extended to k¯ from the
category EF (Spec(k)). It is easy to check that the Nori fundamental group of
Spec(k) is trivial, and thus, the restriction of γ to T is trivial.
On the other hand, when we restrict the natural transformation ασ to objects
of the form XK → X , where K is a finite étale k-algebra, σ induces 1K ⊗ σ :
K⊗k k¯ → K⊗k k¯, and modulo the isomorphismK⊗k k¯ ≃ k¯SK , the isomorphism
k¯SK → k¯SK given by the following formula:
(⋆) (λϕ)ϕ∈SK → (σ(λσ−1ϕ))ϕ∈SK
Finally, the restriction of Φ(γ) = ασ ◦ γ˜ to objects of the form XK → X is
given by the formula (⋆), which corresponds on the set SK of k¯ points of k¯
SK
to the map
ϕ→ σ ◦ ϕ
We have checked that the image of Φ(γ) ∈ π1(X, x¯) in Gal(k¯/k) is σ ∈
Gal(k¯/k) as expected.
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Abstract. Let X be a reduced connected k-scheme pointed at a rational
point x ∈ X(k). By using tannakian techniques we construct the Galois clo-
sure of an essentially finite k-morphism f : Y → X satisfying the condition
H0(Y,OY ) = k; this Galois closure is a torsor p : XˆY → X dominating f by an
X-morphism λ : XˆY → Y and universal for this property. Moreover we show
that λ : XˆY → Y is a torsor under some finite group scheme we describe. Fur-
thermore we prove that the direct image of an essentially finite vector bundle
over Y is still an essentially finite vector bundle over X . We develop for torsors
and essentially finite morphisms a Galois correspondence similar to the usual
one. As an application we show that for any pointed torsor f : Y → X under
a finite group scheme satisfying the condition H0(Y,OY ) = k, Y has a funda-
mental group scheme π1(Y, y) fitting in a short exact sequence with π1(X, x).
Mathematics Subject Classification: Primary: 14E20, 14L15. Sec-
ondary: 14G32, 12F10, 11G99.
Key words: torsors, Galois theory, tannakian categories, fundamental group
scheme.
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1 Introduction
Let k be a field and X a proper reduced k-scheme satisfying the condition
H0(X,OX) = k (then it is in particular connected).1 The Nori fundamental
group scheme was defined as the Galois tannakian group scheme of the category
of essentially finite vector bundles onX [13], Ch. I, §2.3. We define the notion of
essentially finite morphisms: these are finite faithfully flat morphims f : Y → X
such that f∗(OY ) is essentially finite. For instance torsors under finite group
schemes, or more generally towers of torsors are essentially finite morphisms.
On the other hand if f : Y → X is a finite étale morphism then it is essentially
finite; when ch(k) = 0 the converse is also true: more precisely essentially finite
morphism f : Y → X such that H0(Y,OY ) = k are finite étale morphisms
(Remark 3.6).
The aim of this article is to prove the existence of the Galois closure of an
essentially finite morphism f : Y → X . It is a torsor under a finite group scheme
which dominates f and satisfies an obvious universal property:
Theorem 1.1. (see theorem 3.2) Assume that θ : X → Spec(k) is a proper
reduced locally noetherian k-scheme over a field k such that H0(X,OX) = k,
endowed with a rational point x : Spec(k)→ X. Let f : Y → X be an essentially
finite morphism such that H0(X, f∗(OY )) = k given with a rational point y in
the fiber Yx of f at x.
1. Under these conditions there exists a pointed torsor p : Yˆ → X under
some k-group G and a unique pointed morphism λ : Yˆ → Y satisfying
f ◦λ = p ; moreover λ is faithfully flat. The couple (Yˆ , λ) is unique up to
unique isomorphism of pointed torsors.
2. The Galois closure Yˆ satisfies the following universal property: for any
quotient pointed torsor T under a finite k-group H and any pointed faith-
fully flat morphism µ : T → Y , there exists a unique morphism of pointed
torsors (u, ϕ) where ϕ : H → G and u : T → Yˆ making the following
diagram commutative
1In Nori’s papers k is a perfect field. The only point where this hypothesis is used is to
insure that the ring of endomorphisms H0(X,OX) of the unit object OX of the tannakian
category EF (X) is k. We do not assume here that k is perfect, but we make the hypothesis
H0(X,OX) = k
2
Tg

µ
""
u
?
?
?
?
Yˆ
p

λ // Y
f



X
Moreover given a torsor T → X under a finite group scheme G, there is
a Galois correspondence between subgroups of G and intermediate essentially
finite morphisms, correspondence similar to the usual Galois correspondence.
Then we prove that the direct image of an essentially finite vector bundle over
Y is still an essentially finite vector bundle over X :
Theorem 1.2. (see theorem 3.8) Let X be a reduced, proper k-scheme such that
H0(X,OX) = k, endowed with a rational point x ∈ X(k). Let f : Y → X be
an essentially finite morphism of k-schemes. Assume either Y to be a reduced,
proper k-scheme with H0(Y,OY ) = k, endowed with a rational point y ∈ Yx(k),
or f : Y → X to be a torsor under a finite group scheme. Let F be a vector
bundle over Y trivialized by a torsor over Y under a finite k-group scheme.
Then the sheaf f∗(F) is an essentially finite vector bundle over X.
This allows us to give a positive answer to a natural question: composite of
two essentially finite morphisms is essentially finite. The point of view chosen
here is to use the tannakian techniques introduced by Nori in his definition
of the fundamental group scheme. Another approach discussed also by Nori
is to see the fundamental group scheme as the projective limit of the finite
group schemes occurring in torsors over X . This last point of view has been
generalized by Gasbarri [8], §2 allowing him to define the fundamental group
schemes of relative schemes over Dedekind schemes.
We show that if f : Y → X is a torsor under a finite group scheme satisfying
the condition H0(Y,OY ) = k then Y has a fundamental group scheme which fits
in a short exact sequence of fundamental group schemes (theorem 4.1). Using
Gasbarri’s approach M. Garuti addressed the question of the Galois closure of a
tower of torsors [7], Theorem 1. His Galois closure is not, however, the smallest
possible (Remark 3.12), but his construction is essential in our proof of theorem
3.8. Moreover he obtained a short exact sequence similar to ours in the more
general setting of relative schemes over Dedekind schemes ([7], Theorem 3).
We limited ourselves to the case of a proper base scheme X . Note that in
the case of an affine curve X , N. Borne defines in [2] the tame fundamental
group scheme of X using the tannakian category of parabolic vector bundle.
Independently H.Esnault and P.H.Hai define the fundamental group scheme of
X in the characteristic 0 case, using the tannakian category of vector bundles
with connexion [6]. In the context of these theories, the construction of the
Galois closure make sense and could be performed following the same lines.
3
2 The fundamental group scheme.
In this section we briefly recall the tannakian construction of the Nori funda-
mental group scheme (cf. [12] and [13]). The situation is the following:
Notation 2.1. From now on k will denote a field. Let θ : X → Spec(k) be a
reduced and proper k-scheme such that H0(X,OX) = k endowed with a section
x : Spec(k)→ X .
We will consider in this article torsors over X under finite k-group schemes
G. They are finite, faithfully flat and G-invariant morphisms p : Y → X , locally
trivial for the fpqc topology, where Y is a k-scheme endowed with a right action
of G and X with the trivial action.
Nori defines in [13], Ch. I, §3 the fundamental group scheme of X as the
Galois group of a neutral tannakian category generated by the so called “finite
vector bundles”.
Definition 2.2. A vector bundle F over X is said to be finite if there exist two
polynomials p(x), q(x) ∈ Z[x], where p(x) 6= q(x) have nonnegative coefficients
such that
p(F) ≃ q(F),
where the sum is the direct sum of vector bundles over X and the product is
the tensor product over OX .
It is a fact that finite vector bundles are semi-stable in the sense of Nori
([13], Ch. I, §2.3) and Nori considers the subcategory generated by the finite
vector bundles in the tannakian category SS(X) of semi-stable vector bundles
on X . More precisely:
Definition 2.3. Let S be a set of objects of SS(X). We denote SS(X)(S)
the full abelian subcategory of SS(X) generated by S. Since finite vector bun-
dles over X are semi-stable ([12] Corollary 3.5), if F is the set of finite vector
bundles over X , we denote EF (X) = SS(X)(F ). Objects of EF (X) are called
essentially finite vector bundles over X .
More generally take any subset U ⊆ Ob(EF (X)) and let U∨ be the set of
duals of objects of U ; let U1 := U ∪ U∨ and S be the set of all possible tensor
products of elements in U1. We denote SS(X)(S) by EF (X,U) the full abelian
subcategory of SS(X) generated by S. Let
iU : EF (X,U)→ Qcoh(X)
be the inclusion functor and let
x∗ : Qcoh(X)→ k-mod,
F 7→ Fx.
be the fiber functor associated to the section x ∈ X(k).
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In what follows, we will use the neutral fiber functor
ωU = x
∗ ◦ iU : EF (X,U)→ k-mod.
When EF (X,U) = EF (X), we will use the notation ω = ωU and iX = iU .
Nori proves the following result ([13], Ch. I, Proposition 3.7)
Theorem 2.4. For any U ∈ Ob(EF (X)), the category (EF (X,U),⊗, ωU ,OX)
is a neutral tannakian category.
Let (C,⊗, γ, 1C) be any neutral tannakian category, where γ is a neutral fiber
functor, let S be any k-scheme and α, β : C → Qcoh(S) be two fiber functors
with values in the category of quasi-coherent sheaves on S. Consider the functor
Isom⊗S (α, β) : S-Sch → Set
T 7→ Isom⊗T (ϕ
∗ ◦ α, ϕ∗ ◦ β)
where ϕ : T → S is a morphism of schemes, S-Sch is the category of rel-
ative schemes over S, Set is the category of sets and Isom⊗(·, ·) stands for
(iso)morphisms commuting with the tensor product.
General Tannaka duality insures that Aut⊗k (γ) := Isom
⊗
k (γ, γ) is represented
by an affine group scheme and that the category C is equivalent to the category
of representations of this group scheme (cf. for instance [4], Theorem 2.11).
We will refer to G := Aut⊗k (γ) as the tannakian Galois group scheme of the
tannakian category C attached to the neutral fiber functor γ.
Let p : S → Spec(k) be a scheme and FibS(C) the category of fiber functors
C → Qcoh(S). Let G-TorsS be the category of (right) G-torsors over S. We
have the following fundamental result ([4], Theorem 3.2 and [3] §3):
Theorem 2.5. The functor
FibS(C) → G-TorsS
η 7→ Isom⊗S (p
∗ ◦ γ, η)
is an equivalence of gerbes.
Definition 2.6. Let k be a field, θ : X → Spec(k) a reduced and proper k-
scheme such that H0(X,OX) = k and let x ∈ X(k). Let EF (X) be the category
of essentially finite vector bundles over X and ω := x∗ ◦ iX : EF (X)→ k-mod
the fiber functor defined above. Then π1(X, x) := Aut
⊗
k (ω) = Isom
⊗
k (ω, ω) is
the fundamental group scheme of X in x.
The natural inclusion fiber functor iU : EF (X,U)→ Qcoh(X) gives rise to
a torsor over X given by
XˆU := Isom
⊗
X(θ
∗ ◦ ωU , iU )
5
under the (right) action of the affine k-group scheme π1(X,U, x) := Aut
⊗
k (ωU ).
Moreover the fiber at x is equipped with a rational point xˆU . Indeed we have
the following canonical isomorphisms (cf. lemma 3.14)
x∗(XˆU ) ≃ x
∗Isom⊗X(θ
∗ ◦ ωU , iU ) ≃
≃ Isom⊗k (x
∗ ◦ θ∗ ◦ ωU , x
∗ ◦ iU ) ≃ Isom
⊗
k (ωU , ωU ) = π1(X,U, x)
The image of the neutral element of π1(X,U, x) in x
∗(XˆU ) is xˆU by definition.
A torsor over X under a finite k-group scheme endowed with a k-rational point
in the fiber of X will be referred to as a pointed torsor.
Definition 2.7. We will call (XˆU , xˆU ) the universal π1(X,U, x)-torsor over X
(associated to the tannakian category EF (X,U)). When EF (X,U) = EF (X),
the corresponding universal torsor will be denoted (Xˆ, xˆ).
When |U | is finite, the fundamental group scheme π1(X,U, x) is finite. Thus
π1(X, x) is the projective limit of finite group schemes, and the universal torsor
Xˆ is the projective limit of torsors under finite group schemes.
Definition 2.8. We will consider the category whose objects are pointed torsors
under finite group schemes, i.e. triples (Y,G, y) where f : Y → X is a G-torsor
under some finite k-group scheme G endowed with a section y : Spec(k) → Y
such that f(y) = x.
A morphism ϕ : (Y1, G1, y1) → (Y2, G2, y2) between two pointed torsors is
the datum of two morphisms α : Y1 → Y2 and β : G1 → G2 where β is a group
scheme morphism, α(y1) = y2 and such that the following diagram
G1 × Y1 → Y1
↓ 	 ↓
G2 × Y2 → Y2
commutes (horizontal arrows being the actions of the concerned group schemes).
Definition 2.9. A pointed torsor (Y,G, y), as in definition 2.8, is said to
be a quotient torsor if for any pointed torsor (Y ′, G′, y′) and any morphism
ϕ = (α, β) : (Y ′, G′, y′)→ (Y,G, y), β is a faithfully flat morphism.2
Remark 2.10. A pointed torsor (Y,G, y) is a quotient torsor if and only if
G is a quotient of the fundamental group scheme π1(X, x), that is the canon-
ical morphism π1(X, x)→ G is faithfully flat (cf. for instance [1], Corollary 2.8).
2In [13], Ch. II. Nori says “reduced” instead of “quotient”. Because of the possible confusion
with the usual notion of reduced scheme, we changed the terminology.
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3 Galois closure of essentially finite morphisms.
We keep the notation introduced in Notation 2.1.
3.1 Statement of the results
Definition 3.1. Let f : Y → X be a finite and flat morphism (then faithfully
flat since finite and flat imply that f is closed and open and as X is connected,
f is surjective). The morphism f is said to be essentially finite if and only if
f∗(OY ) is an essentially finite vector bundle (cf. def. 2.3).
Let f : Y → X be an essentially finite morphism. Let us consider the full
tannakian subcategory of EF (X) generated by f∗(OY ) that is
EF (X, {f∗(OY )})
provided with the fiber functor ωU : x
∗ ◦ iU : EF (X,U) → k-mod, where
U := {f∗(OY )} and iU : EF (X,U) →֒ Qcoh(X) is as in section 2. From this
data we get the fundamental group scheme G = π1(X,U, x) and the universal
torsor (XˆU , xˆU ). Denote by p : XˆU → X the structural morphism of the
universal torsor. The main result of this section is the following theorem.
Theorem 3.2. Assume that θ : X → Spec(k) is a proper reduced locally noethe-
rian k-scheme over a field k such that H0(X,OX) = k, endowed with a rational
point x : Spec(k)→ X. Let f : Y → X be an essentially finite morphism such
that H0(X, f∗(OY )) = k given with a rational point y in the fiber Yx of f at x.
1. Under these conditions there exists a unique morphism λ : XˆU → Y send-
ing xˆU to y and satisfying f ◦λ = p. Moreover this morphism is faithfully
flat.
2. Moreover λ : (XˆU , xˆU )→ (Y, y) has the structure of a pointed right torsor
under the stabiliser Gy of y under the action of G = π1(X,U, x) on the
fiber Yx.
3. Finally the universal torsor (XˆU , xˆU ) satisfies the following universal prop-
erty: for any quotient pointed torsor (T,H, t), and any faithfully flat mor-
phism µ : T → Y such that µ(t) = y, there exists a unique morphism of
pointed torsors (u, ϕ) where ϕ : H → G = π1(X,U, x) and u : T → XˆU
sending t to xˆU making the following diagram commutative
T
g

µ
##
u
  A
A
A
A
XˆU
p

λ // Y
f~~~~}}
}}
}}
}}
X
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In part 1 of theorem 3.2 the existence of λ follows from Nori’s work. The
point of the theorem is that λ is fppf.
Notation 3.3. In the situation of theorem 3.2, the group H acts, via the
morphism ϕ : H → π1(X,U, x) on the fiber Yx. We will denote by Hy the
stabilizer of y in this action.
Definition 3.4. Let f : Y → X be an essentially finite morphism endowed with
a rational point y in the fiber of x, and g : T → X a quotient torsor pointed
by a rational point t ∈ T (k). We will say that the pointed torsor dominates
the morphism f if there exists a faithfully flat morphism λ : T → Y such that
g = f ◦ λ and λ(t) = y.
Corollary 3.5. Let g : T → X be a quotient torsor under a finite group scheme
H over k pointed by a rational point t ∈ T (k).
1. The correspondence which associates to any essentially finite morphism
f : Y → X pointed by y ∈ Yx(k) dominated by g, the stabilizer Hy < H
is a bijection between pointed essentially finite morphisms f : Y → X
dominated by g, up to isomorphism, and closed k-subgroup schemes of H,
up to conjugation.
2. Moreover, f : Y → X is a torsor if and only if Hy is normal in H; in this
case it is a torsor under the group scheme H/Hy.
Remark 3.6. In the characteristic 0 case, essentially finite morphisms f : Y →
X such thatH0(Y,OY ) = k are just finite étale morphisms. Indeed if f : Y → X
is an essentially finite morphism such that H0(Y,OY ) = k then after extension
of scalars we may assume that there are points x ∈ X(k) and y ∈ Y (k) such that
f(y) = x. Theorem 3.2 insures the existence of a Galois closure fˆ : XˆU → X
which is a torsor under a finite group scheme G. As ch(k) = 0, G is an étale
group scheme, and then fˆ : XˆU → X is étale, which implies that f : Y → X is
itself étale.
We will see in section 4 other examples of essentially finite morphisms,
namely towers of torsors under finite group schemes.
Remark 3.7. In [14], Nori shows that the fundamental group scheme of an
abelian variety is abelian. It then follows from the Galois correspondence that
any essentially finite morphism f : Y → X satisfying H0(Y,OY ) = k, where X
is an abelian variety defined over a field k, is itself a torsor under a finite abelian
group scheme.
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Let f : Y → X be an essentially finite morphism. A natural question that
arises is whether the direct image of an essentially finite vector bundle over Y is
still essentially finite overX . Theorem 3.8 gives a positive answer in a little more
general setting. As an application we will show that the composite morphism
f ′ ◦ f of two torsors under finite group schemes f : Y → X and f ′ : Y ′ → Y ,
which in general is not a torsor itself, is an essentially finite morphism; therefore
we will be able to apply to this morphism the construction of theorem 3.2 and
to construct a sharp Galois closure for towers of torsor, i.e. the smallest torsor
dominating (in the sense of definition 3.4) the morphism f ′ ◦ f . We use a recent
result of Garuti (cf. [7], Theorem 1) who constructs a “Galois closure” of towers
of torsors (which is not the smallest possible torsor dominating the tower).
Theorem 3.8. Let X be a reduced, proper k-scheme such that H0(X,OX) = k,
endowed with a rational point x ∈ X(k). Let f : Y → X be an essentially finite
morphism of k-schemes. Assume either Y to be a reduced, proper k-scheme with
H0(Y,OY ) = k, endowed with a rational point y ∈ Yx(k), or f : Y → X to be a
torsor under a finite group scheme. Let F be a vector bundle over Y trivialized
by a torsor over Y under a finite k-group scheme. Then the sheaf f∗(F) is an
essentially finite vector bundle over X.
The two following corollaries are immediate consequences of this last theo-
rem:
Corollary 3.9. Let X be a reduced, proper k-scheme such that H0(X,OX) = k,
endowed with a rational point x ∈ X(k). Let f : Y → X be a reduced, proper
k-scheme such that H0(Y,OY ) = k, endowed with a rational point y ∈ Yx(k).
Let g : Z → Y be an essentially finite morphism of k-schemes. Then f ◦ g is
essentially finite.
Proof. From Theorem 3.2, there exists some torsor T → Y under a finite group
scheme which trivializes g∗(OZ). Thus f∗g∗(OZ) is essentially finite.
Corollary 3.10. Let k be a field and X a proper, reduced k-scheme, such that
H0(X,OX) = k, provided with a point x ∈ X(k). Suppose we are given two
finite k-group schemes G and G′, a G-torsor f : Y → X and a G′-torsor
f ′ : Y ′ → Y . Then (f ◦ f ′)∗(OY ′) is an essentially finite vector bundle over X.
Proof. As f ′ : Y ′ → Y is a torsor under G′, then Y ′×Y Y ′ ≃ Y ′×G′. Therefore
f ′∗(OY ′) is trivialized by the torsor f
′ : Y ′ → Y . According to Theorem 3.8,
(f ◦ f ′)∗(OY ′) is an essentially finite vector bundle.
From corollary 3.10 and theorem 3.2 we finally obtain the Galois closure of
towers of torsors:
Corollary 3.11. Let k be a field and X a reduced proper k-scheme, such that
H0(X,OX) = k, provided with a point x : Spec(k) → X. Let G and G′ be two
finite k-group schemes, f : Y → X a G-torsor and f ′ : Y ′ → Y a G′-torsor.
We assume the existence of a point y : Spec(k)→ Y lying over x and of a point
y′ : Spec(k)→ Y ′ lying over y. We assume that H0(Y,OY ) = H0(Y ′,OY ′) = k
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1. Then there exists a finite k-group scheme Gˆ, a Gˆ-torsor p : U → X
pointed by a rational point u ∈ U(k) above x and a faithfully flat morphism
λ : U ։ Y ′ with a right torsor structure such that f ◦ f ′ ◦ λ = p.
2. Moreover the torsor p : U → X satisfies the following universal property:
for any quotient triple (T,H, t), where g : T → X is a torsor under a finite
k-group scheme H and t a k-rational point over x, and a faithfully flat
morphism µ : T → Y ′ such that µ(t) = y′, there exists a unique morphism
of pointed torsors (h, ϕ) where ϕ : H → Gˆ and h : T → U sending t to u
making the following diagram commutative
T
g

µ
""
h
?
?
?
?
U
p
 0
0
0
0
0
0
0
0
0
0
0
0
0
0
    A
AA
AA
AA
A
λ // // Y ′
f ′

Y
f

X
3. Denote by Y ′x the fiber of x in the morphism f ◦ f
′, and Y ′y ⊂ Y
′
x the fiber
of y in the morphism f ′. Let Gˆy′ (resp. Gˆy) be the stabilizer of y′ (resp.
of Y ′y) in the action of Gˆ on Y
′
x.
(a) Then Gˆy is a normal subgroup of Gˆ; f ′ ◦ λ : Xˆ → Y is a right torsor
under Gˆy; and G ≃ Gˆ/Gˆy in the Galois correspondence.
(b) Also Gˆy′ is normal in Gˆy; λ : Xˆ → Y ′ is a torsor under Gˆy′ ; and
G′ ≃ Gˆy/Gˆy′ in the Galois correspondence.
Proof. According to corollary 3.10 the sheaf (f ◦ f ′)∗(OY ′) is a finite vector
bundle. Theorem 3.2 insures the existence of a Galois closure U → X of the
essentially finite morphism f ◦ f ′ and it says that λ : U → Y ′ is a Gˆy′-torsor
where Gˆy′ is the stabilizer of y
′ in the action of Gˆ on the fiber Y ′x. So conclusions
1 and 2 of the theorem are immediate consequences of theorem 3.2 applied to
the essentially finite morphism f ◦ f ′. To prove 3 first remark that f ′ : Y ′ → Y
induces a morphism Y ′x → Yx which is compatible with the actions of Gˆ. Thus
the stabilizer Gˆy of Y
′
y is also the stabilizer of y in the action of Gˆ on Yx.
Thus the point 3 (a) is a consequence of the point 2 of corollary 3.5 applied to
the torsor p : U → X and the torsor f : Y → X . Finally by the point 1 of
corollary 3.5, U → Y is a torsor under Gˆy and the point 3 (b) is a consequence
again of second point of corollary 3.5 applied to this torsor and the G′-torsor
f ′ : Y ′ → Y .
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Remark 3.12. We already mentioned in the introduction that the “Galois
closure” constructed by Garuti in [7] is in general bigger than the Galois closure
given by theorem 3.2. Here is an example. Let k be a field of characteristic
2, A be an abelian variety of dimension 2 over k. Let us assume that the
multiplication by 2 map 2A : A
′ = A → A is a α2 × α2-torsor. Consider the
quotient morphism ρ : α2 × α2 → α2 and the contracted product, through
ρ, B := A′ ×α2×α2 α2, then B → A and A′ → B are both α2-torsors, thus
A′ → B → A is a tower of torsors. According to Corollary 3.11 and theorem 3.2
(3) the Galois closure that we construct coincides with the α2 × α2-torsor 2A :
A′ → A. Now we follow the proof of [7], Theorem 2 in order to obtain Garuti’s
Galois closure : using Garuti’s notation consider Φ(α2, α2) the k-group scheme
of morphisms (in the category of k-Schemes) from α2 to α2 and Φ
1(α2, α2)
the k-subgroup scheme of Φ(α2, α2) sending 1α2 to 1α2 , then Φ
1(α2, α2) ≃ Ga.
Finally, let F : k → k be the Frobenius morphism, G
(2)
a the pull back of Ga
following F and F 1Ga the kernel of Ga → G
(2)
a then F 1Ga ≃ α2 (cf. [5], II §7,
1.5). Garuti’s construction thus provides a torsor Z → A where Z ≃ A′ × α2,
which obviously does not coincide with 2A : A
′ → A.
3.2 Preliminary tools
The following two lemmas are straightforward enough that we leave their proof
to the reader:
Lemma 3.13. Let C and C′ be two tannakian categories, γ, η : C → Qcoh(S)
two fiber functors over a k-scheme S and F : C′ → C an exact tensor functor.
We have the following relation between torsors
Isom⊗S (γ ◦ F, η ◦ F ) ≃ Isom
⊗
S (γ, η)×
Aut⊗
S
(γ) Aut⊗S (γ ◦ F )
the second term being the contracted product (see for instance [5], III, §4, 3.2).
Lemma 3.14. Let C be a tannakian category, j : S′ → S a flat morphism of
k-schemes, η, γ two fiber functors over S, then there is a canonical morphism
of right torsors
Isom⊗S′(j
∗ ◦ η, j∗ ◦ γ) ≃ j∗Isom⊗S (η, γ).
Theorem 3.15. There is a one-to-one correspondence between the following
objects:
1. torsors T → X under a finite k-group scheme G endowed with a rational
point t ∈ T (k) over x ∈ X(k)
2. morphisms ϕ : π1(X, x)→ G
3. exact tensor functors γ : Repk(G) → Qcoh(X) satisfying the relation
x∗ ◦ γ ≃ forgetkG.
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Proof. 1 ↔ 3. We already know that there is a one-to-one correspondence be-
tween (not necessarily pointed) right torsors f : T → X under the group G over
X and tensor functors γ : Repk(G)→ Qcoh(X) given by the following relation:
T ≃ Isom⊗X(θ
∗ ◦ forgetkG, γ)
where forgetkG : Repk(G) → k-mod is the forgetful functor (cf. theorem 2.5).
The fiber functor γ factors through a tensor functor γ˜ : Repk(G)→ EF (X), i.e.
γ = iX ◦ γ˜, where iX is the inclusion of EF (X) into the category Qcoh(X) ([13],
Chapter I, Prop. 3.8). The fiber of x in T , x∗T ≃ Isom⊗(forgetkG, x
∗ ◦γ) has a
rational point (i.e. the torsor T is pointed over x) if and only if x∗◦γ ≃ forgetkG.
2 ↔ 3. Using the formulas γ ≃ iX ◦ γ˜ and x∗ ◦ iX ≃ forgetkπ1(X,x) ◦ x˜, the
relation x∗ ◦ γ ≃ forgetkG can be rewritten in the following form :
forgetkπ1(X,x) ◦ x˜ ◦ γ˜ ≃ forgetkG
Thus the tensor functor x˜ ◦ γ˜ : Repk(G)→ Repk(π1(X, x)) is equivalent to the
data of a morphism ϕ : π1(X, x)→ G.
If we are given a morphism ϕ : π1(X, x) → G, we consider the contracted
product
Xˆ ×π1(X,x) G
with respect to the morphism ϕ which is a right G-torsor. The following propo-
sition explains that this operation gives the correspondence 1↔ 2
Proposition 3.16. Suppose that the G-torsor T corresponding to the tensor
functor γ : Repk(G)→ Qcoh(X) is pointed over x, then T ≃ Xˆ ×π1(X,x) G.
Proof. Recall that Xˆ = Isom⊗X(θ
∗ ◦ ω, iX) where ω = x∗ ◦ iX . Using lemma
3.13, one has
(†) Xˆ ×π1(X,x) G ≃ Isom⊗X(θ
∗ ◦ ω ◦ γ˜, iX ◦ γ˜) ≃ Isom
⊗
X(θ
∗ ◦ x∗ ◦ γ, γ)
Using lemma 3.14 and the definition of T , one gets
x∗T ≃ Isom⊗k (x
∗ ◦ θ∗ ◦ forgetkG, x
∗ ◦ γ) = Isom⊗k (forgetkG, x
∗ ◦ γ)
The fact that T has a k-point over x means that x∗T is trivial, and then the
functors forgetkG and x
∗ ◦ γ are equivalent.
Replacing in the formula (†), we get
Xˆ ×π1(X,x) G ≃ Isom⊗X(θ
∗ ◦ forgetkG, γ) ≃ T
which completes the proof of the proposition.
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Proposition 3.17. Under the hypothesis of proposition 3.16, there is an iso-
morphism of OX -algebras
f∗(OT ) ≃ γ˜(kG)
where kG denotes the regular representation of G (G = Spec(kG)).
Proof. Recall the following commutative diagrams of functors:
EF (X)
x∗ //
x˜ ''OO
OO
OO
OO
OO
O
k-mod
Repk(π1(X, x))
forgetkpi1(X,x)
OO
Repk(G)
γ //
γ˜ &&LL
LL
LL
LL
LL
Qcoh(X)
EF (X)
iX
OO
So x∗T = Isom⊗k (forgetkG, forgetkπ1(X,x) ◦ x˜ ◦ γ˜) ≃ G viewed with the left
action of π1(X, x) on G defined by the morphism ϕ : π1(X, x) → G induced
by the functor x˜ ◦ γ˜ : Repk(G) → Repk(π1(X, x)). As x˜ is an equivalence of
categories, f∗(OT ) = (x˜)−1(V ), where V is the regular representation kG viewed
as a representation of π1(X, x) through ϕ, i.e. V = x˜ ◦ γ˜(kG). One concludes
that f∗(OT ) ≃ (x˜)−1 ◦ x˜◦ γ˜(kG) ≃ γ(kG). As the functors involved in the proof
are tensor functors, they make correspond k-algebras and OX -algebras, and the
isomorphism f∗(OT ) ≃ γ˜(kG) is thus an isomorphism of OX -algebras.
Proposition 3.18. Under the hypothesis of proposition 3.16 the essential image
of γ˜ is constituted by the objects of EF (X) trivialized by the torsor f : T → X.
Proof. In one direction it is obvious: as T = Isom⊗X(θ
∗ ◦ forgetkG, iX ◦ γ˜) and
f∗T = Isom⊗X(f
∗ ◦ θ∗ ◦ forgetkG, f
∗ ◦ iX ◦ γ˜) is trivial, for any representation
V of G, f∗ ◦ iX ◦ γ˜(V ) is isomorphic to f∗ ◦ θ∗ ◦ forgetkG(V ) which is a trivial
vector bundle.
In the other direction, if F is an essentially finite vector bundle on X which
is trivialized by f : T → X , then f∗F ≃ OT ⊕ · · · ⊕ OT , and then
f∗f
∗F ≃ f∗(OT )⊕ · · · ⊕ f∗(OT ).
Moreover, by proposition 3.17, f∗(OT ) is the image by γ˜ of the regular repre-
sentation of G and then f∗(OT )⊕· · ·⊕f∗(OT ) is in the essential image of γ˜. As
f is faithfully flat, F →֒ f∗f∗F , and then F is a sub-object of an object of the
tannakian category generated by f∗(OT ) and thus is an object of the essential
image of γ˜.
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Proposition 3.19. With the previous notation, the following statements are
equivalent
1. H0(T,OT ) = k
2. ϕ is faithfully flat
3. γ is fully faithful
The proof, for which we refer the reader to [13], Chapter II, Proposition 3,
relies on the following lemma, that will be used later:
Lemma 3.20. Let G be an affine group scheme and Φ : Repk(G)→ EF (X) a
fully faithful tensor functor. Then for any representation V of G, H0(X,Φ(V )) ≃
V G.
Proof. We have the following equalities:
V G ≃ HomG(V
v, k) ≃ Hom(Φ(V )v,OX) ≃
≃ H0(X,Hom(Φ(V )v,OX)) ≃ H
0(X,Φ(V )).
Corollary 3.21. Let f : T → X be a pointed torsor under a finite group scheme
G. Then it is a quotient torsor if and only if H0(T,OT ) = k.
Corollary 3.22. Let f : T → X be a G-torsor pointed on t ∈ Tx(k), where
G is a finite k-group scheme, and ϕ : π1(X, x) → G the corresponding mor-
phism. Consider the tannakian category EF (X, {f∗(OT )}). Then the funda-
mental group scheme π1(X, {f∗(OT )}, x) is isomorphic to the image H of ϕ. It
is a closed subgroup of G, and is equal to G if and only if the pointed torsor
(T, t) is a quotient torsor, and in this case the universal torsor of the category
EF (X, {f∗(OT )}) based at x is isomorphic to f : T → X.
Proof. Examine the proof of the preceding proposition.
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3.3 Proof of Theorem 3.2
We keep the notation introduced in the statement of theorem 3.2. We will need
the following lemma.
Lemma 3.23. If H0(Y,OY ) ≃ k, the morphism ρ : G→ Yx defined by g → g ·y
is faithfully flat and induces an isomorphism G/Gy ≃ Yx.
Proof. First of all we observe that for any k-linear representation (V, σ) of G =
Spec(A) the set of fixed elements i.e. the set of all those v ∈ V such that
g · (v ⊗ 1R) = (v ⊗ 1R) (for any k-algebra R and any g ∈ G(R)) coincides with
the set of all v ∈ V such that γ(v) = v⊗1A where γ : V → V ⊗A is the comodule
structure associated to (V, σ). Now set Yx := Spec(V ) where V is a k-linear
representation of G with an additional k-algebra structure. The quotient Yx/G
is the cokernel of the double arrow
G× Yx
q1 //
q2
//Yx
where q1 : G×Yx → Yx maps (g, z) 7→ z and q2 : G×Yx → Yx (the action) maps
(g, z) 7→ g · z in the category of sheaves for the fppf topology. It is represented
by V G, the kernel of the double arrow
V
u //
γ
//V ⊗A
where γ : V → V ⊗A is the coaction and u : V → V ⊗A maps v 7→ v⊗1 (cf. the
proof of the affine case in Th. 3.2, III, §2, 4.1 to 4.4 of [5]). According to lemma
3.20, V G ≃ k: indeed apply the lemma to the equivalence F : Repk(G) →
EF (X,U) associated to the universal torsor p : XˆU → X ; F (V ) ≃ f∗(OY ),
so in particular H0(X, f∗(OY )) ≃ H0(Y,OY ) ≃ k by assumption. So Yx/G ≃
Spec(k). It follows from this that G × Yx → Yx × Yx is surjective for the fppf
topology (Th. 3.2, b, III, §2 of [5]) and thus the morphism ρ : G → Yx is
surjective for the fppf topology.
On the other hand, ρ induces a monomorphism of fppf sheaves G/Gy → Yx,
where Gy denotes the stabilizer of y ([5], III, §3, 1.6). And then G/Gy ≃ Yx.
Finally, according to [5], III, §3, 2.5, the morphism G → G/Gy is faithfully
flat. This concludes the proof of lemma.
Proof of Theorem 3.2.
• Nori defines the functor F : Repk(G)→ EF (X,U), already mentioned in
the proof of lemma 3.23, which is an equivalence between the category of
representations of G = π1(X,U, x) and EF (X,U). As described in [3], 7.5-
7.12 the functor F induces an equivalence between finite G-schemes over
k and finite morphisms g : Z → X such that g∗(OZ) ∈ EF (X,U). In this
equivalence G corresponds to the universal torsor XˆU and Yx corresponds
to Y . Then the k-morphism ρ corresponds to an X-morphism λ : XˆU →
Y :
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XˆU
λ //

Y
~~~~}}
}}
}}
}}
X
whose fiber at x : Spec(k)→ X is precisely ρ. At this step it has not been
proved yet that the morphism λ is faithfully flat.
• The facts that G/Gy ≃ Yx and that the action m of Gy on G is free imply
that the morphism
(1) G×Gy
pr1×m// G×Yx G
is an isomorphism. This is an isomorphism of G-schemes, where G is
endowed with the left action of G on itself and Gy with the trivial action
of G. The image of this diagram by the equivalence of tannakian categories
F : Repk(G)→ EF (X,U) is the following isomorphism
(2) XˆU ×Gy → XˆU ×Y XˆU
whose fiber at x is given by the isomorphism (1).
To prove both point 1 and 2 of the statement, the only thing to check
is that λ : XˆU → Y is faithfully flat. Consider again the commutative
diagram
XˆU
λ //
p

Y
~~~~}}
}}
}}
}}
X
and pull it back by XˆU → X . As we have seen in the proof of proposition
3.16, the functors p∗ and p∗ ◦ θ∗ ◦ x∗ from EF (X,U) to Qcoh(XˆU ) are
equivalent. Applying the two functors to the preceding diagram one gets
that the pull back by p is
XˆU ×G
1XˆU
×ρ
//
pr1

XˆU × Yx
yyyysss
ss
ss
ss
s
XˆU
As p and ρ are faithfully flat, λ is also faithfully flat.
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• In order to prove point 3 of the statement we argue as follows: since f
is affine, f∗ is exact; so from the inclusion OY →֒ µ∗(OT ) we get the
inclusion f∗(OY ) →֒ f∗(µ∗(OT )) ≃ g∗(OT ). Being semi-stable, f∗(OY )
is a sub-object of g∗(OT ) and then an object of the tannakian category
EF (X, {g∗(OT )}). Thus the inclusion is a fully faithful functor of tan-
nakian categories
EF (X, {f∗(OY )}) →֒ EF (X, {g∗(OT )})
which induces a faithfully flat morphism
H ։ π1(X, {f∗(OY )}, x)
between their tannakian Galois group schemes. As T is the universal
torsor associated to the tannakian category EF (X, {g∗(OT )}), from this
morphism one gets u : T ։ XˆU commuting with the actions of H and
π1(X, {f∗(OY )}, x). The same kind of arguments used in the second part
of the proof shows that this morphism is also faithfully flat.
Proof of Corollary 3.5.
If f : Y → X is an essentially finite morphism pointed at y ∈ Yx(k), let
U = {f∗(OY )} and G = π1(X,U, x).
Suppose that f : Y → X is dominated by the pointed torsor g : T → X :
there exists a faithfully flat morphism µ : T → Y such that f ◦ µ = g
and µ(t) = y. By Theorem 3.2, there exists a unique morphism of torsors
(u, ϕ), where ϕ : H → G is a morphism of groups and u : T → XˆU is a
morphism of torsors making the following diagram commutative
T
p

µ
##
u
  A
A
A
A
XˆU
p

λ // Y
f~~~~}}
}}
}}
}}
X
To these morphisms of torsors correspondmorphisms of fundamental groups
π1(X, x) // // H // // G
One gets an action of H on Yx and the stabilizer Hy of y under this action.
Conversely if H ′ < H is a subgroup of H , the quotient H/H ′ is endowed
with an action of the fundamental group scheme π1(X, x) through the
morphism π1(X, x) → H attached to the torsor p : T → X . To the
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π1(X, x)-k-scheme H/H
′ corresponds a X-scheme f : Y → X such that
f∗(OX) is essentially finite and Yx ≃ H/H ′. Moreover Y is pointed at
y ∈ Yx(k) corresponding to the image of the unit element in H/H ′ and
H ′ = Hy.
These correspondences are inverse of each other as in the situation con-
sidered above Yx ≃ G/Gy ≃ H/Hy as π1(X, x)-k-schemes.
If the morphism f : Y → X is a torsor, then it is a quotient torsor under
the group G. Then Gy = 1 and Hy which is the inverse image of Gy in
the morphism H → G is a normal subgroup of H . In this case G ≃ H/Hy
and thus f : Y → X is a torsor under the quotient group H/Hy.
Conversely if Hy is normal in H , Gy is normal in G, and as Yx ≃ G/Gy as
representations of π1(X, x), the fundamental group G = π1(X,U, x) which
is the image of π1(X, x) in this representation is isomorphic to the group
G/Gy. Thus Gy = 1 and f : Y → X is a torsor under G.
Remark 3.24. In the situation of theorem 3.2 (with the only difference that
we do not need the assumption H0(X, f∗(OY )) = k), Yx = Spec(V ) where V
is naturally a representation of π1(X, x) which factors through the morphism
ϕ : π1(X, x)→ G associated to the universal torsor (XˆU , xˆU ). Then Ker(ϕ) is
the kernel of the representation of π1(X, x) on V .
Let indeed K be this kernel. The inclusion Ker(ϕ) ⊂ K is obvious. In the
other direction, V is a representation of π1(X, x)/K, and as V generates the
tannakian category Repk(G), one has the inclusion
Repk(G) →֒ Repk(π1(X, x)/K)
which induces a surjective morphism π1(X, x)/K → π1(X, x)/Ker(ϕ) = G.
Thus K = Ker(ϕ) and G ≃ π1(X, x)/K.
3.4 Proof of Theorem 3.8
Throughout this section k will be any field. We first recall that for an integral
and projective curve C over k and any coherent sheaf F over C we define,
respectively, the rank and the degree of F as follows:
rk(F) := dimk(ξ)(Fξ) deg(F) := χ(F)− rk(F) · χ(OC)
where ξ is the generic point of C and χ(F) is the Euler-Poincaré characteristic
of F . Assume moreover that C is normal and let 0→ F ′ → F → F ′′ → 0 be an
exact sequence of coherent sheaves over C then clearly rk(F) = rk(F ′)+rk(F ′′)
and consequently deg(F) = deg(F ′) + deg(F ′′). If V and W are locally free
sheaves over an integral curve C over k then one can compute the degree of
V ⊗OC W as follows (cf. [16], Ch 6, §7, ex. 9):
deg(V ⊗OC W) = rk(V)deg(W) + rk(W)deg(V).
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If F is a coherent OC -sheaf then the formula still holds:
(⋆) deg(F ⊗OC W) = rk(F)deg(W) + rk(W)deg(F).
Indeed F has a locally free resolution of length 1 (cf. [9], III, Example 6.5.1,
Proposition 6.11 A and Exercise 6.5). This implies that there exist two locally
free OC -modules L0 and L1 and an exact sequence 0 → L1 → L0 → F → 0
that we tensor by W thus obtaining another exact sequence
0→ L1 ⊗OC W → L0 ⊗OC W → F ⊗OC W → 0,
whence the formula, by the additivity of the degree. We need the following
lemma, whose easy proof is left to the reader (otherwise compare with [10],
Lemma 3.2.1):
Lemma 3.25. Let C and C′ be integral and projective curves over k and f :
C′ → C a finite morphism of degree d. Let F be a coherent OC′-module and
G a coherent OC-module then deg(f∗(F)) = deg(F) + deg(f∗(OC′)) · rk(F); if
moreover f is flat or G locally free then deg(f∗(G)) = d · deg(G).
Lemma 3.26. Let C be a normal and proper curve over k, C′ a curve over k
and f ′ : C′ → C a finite and flat morphism. Denote by d = rkOC (f
′
∗(OC′)) the
degree of f ′ . Let A and B be, respectively, a locally free and a coherent sheaf
over C′. Let us denote the coherent OC-module f ′∗(A⊗OC′ B) by F . Then
deg(F) = d−1
(
rk(f ′∗(A))deg(f
′
∗(B))+rk(f
′
∗(B))deg(f
′
∗(A))−deg(f
′
∗(OC′))rk(F)
)
Proof. We let M denote F ⊗OC f
′
∗(OC′) and we compute its degree:
deg(M) = deg(F)rk(f ′∗(OC′)) + deg(f
′
∗(OC′))rk(F).
We will prove below the formulaM≃ f ′∗(A)⊗OC f
′
∗(B), thus, as f
′ is flat, f ′∗(A)
is locally free and the formula (⋆) gives
deg(M) = rk(f ′∗(B))deg(f
′
∗(A)) + rk(f
′
∗(A))deg(f
′
∗(B))
which is enough to conclude. It only remains to prove the isomorphism M ≃
f ′∗(A)⊗OC f
′
∗(B) as OC -sheaves: we have the following isomorphisms
f ′∗(B)⊗OC f
′
∗(A) ≃ f
′
∗(B ⊗OC′ f
′∗f ′∗(A)) ≃ f
′
∗(B ⊗OC′ A⊗OC′ f
′∗f ′∗(OC′)) ≃
≃ f ′∗(B ⊗OC′ A)⊗OC f
′
∗(OC′)
where the first and third isomorphisms hold by the projection formula (cf. [9],
II, Exercise 5.1) and the second is a consequence of the isomorphism
f ′∗f ′∗G ≃ G ⊗OC′ f
′∗f ′∗(OC′),
which holds for any coherent OC′-module G since f ′ is affine.
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Definition 3.27. Let F be a vector bundle over a k-scheme T such that
deg(i∗(F)) = 0 for any proper and normal k-curve D and any non constant
morphism i : D → T : we will say that F has restricted degree 0.
Lemma 3.28. Let X and Y be two k-schemes and let f : Y → X be a finite
and flat morphism such that f∗(OY ) has restricted degree 0. Let F be a vector
bundle over Y which has restricted degree 0 . Then the vector bundle f∗(F) has
restricted degree 0.
Proof. We denote rk(f∗(OY )) by d. Let C be a normal and proper curve over
k, j : C → X a non constant morphism and C′ := Y ×X C; we consider the
following diagram:
C˜
s
@
@@
@@
@@
@
C′
j′ //
f ′

Y
f

C
j
// X
where C˜ is the normalization of an irreducible component (surjective over C)
of the curve C′red obtained by C
′ after reduction. We want to show that
deg(j∗f∗(F)) = 0. We know that
1. deg(s∗j′∗(F)) = 0 by assumption since j′ ◦ s is not constant because f ′ ◦ s
is surjective;
2. f ′∗j
′∗(F) ≃ j∗f∗(F);
3. for any quasi coherent OC′-module G we have s∗s∗(G) ≃ G ⊗OC′ s∗(OC˜).
We denote f ′∗s∗s
∗j′∗(F) by P . According to lemma 3.25 and point 1, we know
that
deg(P) = deg(f ′∗s∗(OC˜)) · rk(F).
Using point 3, we obtain
P = f ′∗s∗s
∗j′∗(F) ≃ f ′∗(j
′∗(F)⊗OC′ s∗(OC˜)).
We observe that deg(f ′∗(OC′)) = 0: indeed by point 2 we have f
′
∗(OC′) ≃
f ′∗j
′∗(OY ) ≃ j∗f∗(OY ) then deg(f ′∗(OC′)) = 0 by assumption. Hence, according
to lemma 3.26 deg(P) =
= rk(f ′∗(OC′))
−1
(
rk(f ′∗s∗(OC˜))deg(f
′
∗j
′∗(F))+rk(f ′∗j
′∗(F))deg(f ′∗s∗(OC˜))
)
=
= d−1
(
rk(f ′∗s∗(OC˜))deg(f
′
∗j
′∗(F))
)
+ d−1
(
d · rk(F) · deg(f ′∗s∗(OC˜))
)
;
but we already know that deg(P) = deg(f ′∗s∗(OC˜))·rk(F) thus deg(f
′
∗j
′∗(F)) =
0 and by point 2 we finally obtain deg(j∗f∗(F)) = 0.
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Proof of Theorem 3.8. We are given a proper reduced k-scheme X such that
H0(X,OX) = k and an essentially finite morphism f : Y → X endowed with a
section y ∈ Yx(k). Let g : Z → Y be a torsor under a finite k-group scheme G2
trivializing F (i.e. g∗(F) ≃ O⊕rZ where r = rk(F)). First we need to observe
that F has restricted degree 0: so let C be an integral, proper and normal k-
curve, j : C → Y a non constant morphism and C′ := C ×Y Z. Let us consider
the following diagram:
C˜
s
@
@@
@@
@@
@
C′
j′ //
g′

Z
g

C
j
// Y
where C˜ is an irreducible component of the curve C′red obtained by C
′ after
reduction then
deg(s∗g′∗j∗F) = deg(s∗j′∗g∗F) = deg(O⊕r
C˜
) = 0
and by means of lemma 3.25 deg(j∗(F)) = 0. If f : Y → X is a torsor under
a finite group scheme, take T1 = Y . If not by theorem 3.2 there exists a torsor
T1 over X under a finite k-group scheme G1 dominating f . Set T2 := T1 ×Y Z.
It is a G2-torsor over T1. According to [7], Theorem 1 there exist two torsors
under finite k-group schemes u : T → X and r : T → T2 such that the diagram
T
r //
u

T2
t //

Z
g

T1 //

Y
f~~ ~
~~
~~
~~
X
commutes. Set h := t ◦ r : T → Z; it is a faithfully flat morphism. Then
h∗g∗(F) ≃ O⊕rT thus u∗h
∗g∗(F) is a finite vector bundle because u∗(OT ) is.
Since g ◦ h is faithfully flat then OY →֒ (g ◦ h)∗(OT ) which implies
F ≃ F ⊗OY OY →֒ F ⊗OY (g ◦ h)∗(OT ) ≃ (g ◦ h)∗(g ◦ h)
∗(F).
This means that F is a subbundle of (g ◦ h)∗(g ◦ h)∗(F): indeed the inclusion
OY →֒ (g ◦ h)∗(OT ) states that OY is a subbundle of (g ◦ h)∗(OT ) (i.e. the
resulting quotient is a vector bundle) since g◦h is finite and faithfully flat3. The
3The property of being locally free is local for the flat topology. And locally for the flat
topology, a finite and faithfully flat morphism V → U has a section ([11], proof of proposition
2.18, p. 17)
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morphism f being affine and flat we deduce, from last inclusion, that f∗(F) is
a subbundle of f∗(g ◦ h)∗(g ◦ h)∗(F) = u∗h∗g∗(F) ≃ (u∗OT )⊕r but (u∗OT )⊕r
is finite, then in particular essentially finite. According to [12], Proposition 3.7,
we just need to verify that f∗F has restricted degree 0 in order to prove it is
essentially finite, but this is a consequence of lemma 3.28 since F has restricted
degree 0.
4 The short exact sequence of fundamental group
schemes
Nori showed in [12], Ch. II, that under the hypothesis of section 2, the category
of torsors under finite group schemes over X pointed above x is filtered, and
that the fundamental group scheme π1(X, x) is the projective limit of the groups
occurring in these torsors. This led Nori to approach the construction of fun-
damental group scheme in a different manner: a k-scheme pointed at x ∈ X(k)
has a fundamental group scheme based at x if there exists a universal torsor
pointed above x that dominates every torsor pointed above x under the action
of a finite group scheme (cf. [13], Chapter II, Definition 1). Then he proves
that this is equivalent as saying that the category of torsors under finite group
schemes over X pointed above x is filtered (cf. [13], Chapter II, Poposition 1).
This point of view has been generalized by Gasbarri in [8], §2 to schemes over
Dedekind rings.
As a consequence of section 3, we show here that if X is a proper reduced
scheme satisfying the condition H0(X,OX) = k endowed with a rational point
x ∈ X(k) and Y → X is a quotient torsor under a finite group scheme G pointed
on y ∈ Y (k) above x, then Y has a fundamental group scheme. Moreover
π1(X, x) and π1(Y, y) fit in an short exact sequence. This result was obtained
independently by Garuti [7], Theorem 3 by another method in the more general
situation of relative schemes over Dedekind schemes.
Theorem 4.1. Let θ : X → Spec(k) be as before a locally noetherian proper re-
duced k-scheme endowed with a rational point x ∈ X(k) such that H0(X,OX) =
k and f : Y → X a quotient torsor under a finite group scheme G, pointed on
y ∈ Y (k) over x, corresponding to a faithfully flat morphism ϕ : π1(X, x)→ G.
Then Y has a fundamental group scheme based at y, π1(Y, y) ≃ Ker(ϕ) and
we have the following short exact sequence of group schemes:
1 // π1(Y, y) // π1(X, x)
ϕ // G // 1
Proof. Let f : Y → X be as in the statement of the theorem. It follows from
theorem 3.2 that there is a unique morphism of torsors λ : Xˆ → Y with respect
to the morphism ϕ : π1(X, x)→ G such that f ◦ λ = p and λ(xˆ) = y. Moreover
λ : Xˆ → Y is a torsor under Ker(ϕ).
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On the other hand let g : Z → Y be a torsor under a finite group scheme,
pointed by z ∈ Z(k) above y. According to corollary 3.10, h = f ◦ g is an
essentially finite morphism, and thus is dominated by its Galois closure hˆ : Zˆ →
X , which is a quotient torsor itself dominated by p : Xˆ → X , where p : Xˆ → X
is the universal torsor of X based at x.
Thus λ : Xˆ → Y is the projective limit of the pointed torsors g : Z → Y ; it
is the universal torsor of Y based at y.
Corollary 4.2. Let θ : X → Spec(k) be as before a locally noetherian proper
reduced connected k-scheme endowed with a rational point x ∈ X(k) and f :
Y → X an essentially finite morphism pointed at y ∈ Y (k) above x. Assume
H0(Y,OY ) = k. Then Y has a fundamental group scheme based at y and
π1(Y, y) ≃ π1(X, x)y where π1(X, x)y denotes the stabiliser of y in the natural
action of π1(X, x) on Yx.
Proof. Let f ′ : Y ′ → Y be a pointed G′-torsor on Y under a finite group scheme
G′. Denote fˆ : Yˆ → X the Galois closure of f and consider the following
diagram, where the upper square is cartesian:
Z = Y ′ ×Y Yˆ

g′ // Y ′
f ′

Yˆ
g //
fˆ &&LL
LL
LL
LL
LL
LL Y
f

X
Then Z → Yˆ is a pointed G′-torsor, and according to theorem 4.1, there are
unique morphisms of pointed torsors λ : Xˆ → Z and µ : Xˆ → Yˆ making the
following diagram commutative:
Xˆ
λ //
µ
%%K
KK
KK
KK
KK
KK
K Z = Y ′ ×Y Yˆ

g′ // Y ′
f ′

Yˆ
g //
fˆ &&LL
LL
LL
LL
LL
LL Y
f

X
where Xˆ denotes the universal torsor on X based at x.
According to theorem 3.2, g◦µ is a pointed torsor over Y under the stabiliser
π1(X, x)y of y in the action of π1(X, x) on Yx. According to [13], lemma 1, a
k-scheme morphism between two torsors P and P ′ under affine group schemes
G and G′ on a k-scheme Y is a morphism of torsors relative to some unique
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morphism of groups G→ G′ provided that H0(P,OP ) = k. Apply this to g′ ◦λ;
there exists a unique morphism of groups ϕ : π1(X, x)y → G′ such that g′ ◦ λ
is a morphism of pointed torsors relative to ϕ. This proves that g ◦ µ : Xˆ → Y
is an universal object in the category of pointed torsors under finite group
schemes on Y . One concludes that Y has a fundamental group scheme and that
π1(Y, y) ≃ π1(X, x)y.
5 An example
We will restrict ourselves to the case of a characteristic 0 field k. With the hy-
pothesis of section 2, we have the classical short exact sequence of Grothendieck
étale fundamental groups:
1→ πe´t1 (Xk¯, x¯)→ π
e´t
1 (X, x¯)→ Gal(k¯/k)→ 1
where k¯ is an algebraic closure of k and x¯ is the geometric point correspond-
ing to x. The rational point x gives rise to a section s : Gal(k¯/k) → πe´t1 (X, x¯)
and πe´t1 (X, x¯) is in this way the semi-direct product of the geometric fundamen-
tal group πe´t1 (Xk¯, x¯) by the absolute Galois group of k. The section defines an
action of Gal(k¯/k) on πe´t1 (Xk¯, x¯) and this group endowed with this action can
be viewed as a pro-k-group scheme. This is the Nori’s fundamental group of X
based at x. In the case of an algebraically closed field k of characteristic 0, it
suffices to remark that finite k-group schemes are just finite abstract groups, and
that torsors under such finite group schemes are just Galois étale coverings (cf.
[16], Corollary 6.7.20). The general case is explained in Appendix 1, theorem
6.6.
The aim of this section is to translate in terms of fundamental short exact
sequences of étale fundamental groups the Galois closure constructed in section
3. Let f : Y → X be an essentially finite morphism and let us assume, as
usual, that H0(Y,OY ) = k, then f is just a finite étale morphism (Remark 3.6)
with Y geometrically connected. If we enumerate the geometric fiber at x¯ as
{1, . . . , d}, then the data of the degree d étale covering Y → X is equivalent to
a morphism ψ : πe´t1 (X, x¯) → Sd. This morphism factors as ψ = θ ◦ Φ, where
Φ : πe´t1 (X, x¯) → G, G is the image of ψ and θ the inclusion G ⊂ Sd. The
surjective morphism Φ corresponds to the Galois closure Z → X of f : Y → X
in the sense of Galois theory. Its restriction to πe´t1 (Xk¯, x¯) factors through a
surjective morphism ϕ : πe´t1 (Xk¯, x¯)→ H .
We have the following commutative diagram where all lines and the first and
third columns are exact:
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1 // πe´t1 (Xk¯, x¯)
ϕ

// πe´t1 (X, x¯)
Φ

// Gal(k¯/k)

// 1
1 // H //

G //
θ

Gal(L/k) //

1
1 Sd 1
where L = H0(Z,OZ) is a finite Galois extension of k.
The section s attached to the rational point x induces a section sL : Gal(L/k)→
G of the second exact sequence
1 // H // G // Gal(L/k) // 1
and as we have seen, the first exact sequence with the section s is equivalent
to the data of the fundamental group scheme π1(X, x) and the second exact
sequence with the section sL is equivalent to the data of a k-group scheme Hk
such that Hk ×k k¯ ≃ H . The morphism (ϕ,Φ) corresponds to a morphism
π1(X, x)→ Hk, and thus according to theorem 3.15, to a torsor T → X pointed
above x. When Y has a rational point y in the fiber of x, this torsor is the
Galois closure of the essentially finite morphism f : Y → X .
It is an exercise to describe this Galois closure in terms of classical Galois
theory and descent theory : geometrically the above diagram corresponds to the
following diagram:
Z //

Y
f

XL

// X

Spec(L) // Spec(k)
where Z is a Galois geometrically connected étale cover of XL of group H . The
section sL induces descent data from L to k of the Galois cover Z → XL in
a cover p : T → X as well as of the constant group H in a k-group scheme
Hk (the Hopf algebra of the constant group H over L is L
H , whereas the Hopf
algebra ofHk is the sub-algebra (L
H)Gal(L/k) of fixed elements under the natural
action of Gal(L/k)). Moreover these descent data are compatible with the right
multiplication of H on itself identified with the fiber at x¯ which commutes with
the action of the fundamental group and thus induces a right action of Hk on
T .
One can describe explicitly these actions in terms of the preceding diagrams.
First the fiber of Z → XL at x¯ is identified to H and the action of an element γ
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of π1(Xk¯, x¯) on this fiber is the left multiplication of ϕ(γ) ∈ H onH through this
identification, whereas the fiber of Z → X at x is identified with G. Secondly the
action of an element σ ∈ Gal(k¯/k) on the fibers at x - that of Z → X identified
with G and that of Y → X identified with {1, . . . , d} - is the conjugation by
Φ ◦ s(σ) (resp. θ ◦ Φ ◦ s(σ)).
The étale cover p : T → X , which is in general not Galois, corresponds to
the morphism Ψ : π1(X, x¯)→ SH defined in the following way:
∀γ ∈ πe´t1 (Xk¯, x¯), ∀σ ∈ Gal(k¯/k), ∀h ∈ H Ψ(γs(σ)).h = ϕ(γ)Φ(s(σ))hΦ(s(σ))
−1
which is an action clearly extending the action of πe´t1 (Xk¯, x¯) on H via ϕ. The
étale cover p : T → X which is a torsor under Hk is the Galois closure of
f : Y → X defined in section 3.
With the tools introduced here one can check that p : T → X factors through
f : Y → X if Y has a k-rational point y. Indeed one can index the points of
the geometric fiber at x such that y corresponds to 1, which will be fixed under
the action of Gal(k¯/k), i.e.
∀σ ∈ Gal(k¯/k) (θ ◦ Φ ◦ s(σ)).1 = 1
Let us define a map H → {1, . . . , d} by the formula
F : h→ (θ(h)).1
As Y → X is geometrically connected, the action of H on {1, . . . , d} is
transitive, and thus F is a surjective map. It is compatible with the actions of
π1(X, x¯) on H and {1, . . . , d}, and thus defines an unique morphism of covers
g : T → Y over X . This is indeed a consequence of the following computation:
F ((γs(σ)).h) = F (ϕ(γ)Φ(s(σ))hΦ(s(σ))−1) =
= (θ ◦ ϕ(γ) θ ◦ Φ(s(σ)) θ(h) θ ◦ Φ(s(σ))−1).1 = (θ ◦ ϕ(γ) θ ◦ Φ(s(σ)) θ(h)).1
In the other hand
γs(σ).F (h) = γs(σ).(θ(h).1) = θ(Φ(γs(σ)) h).1 = θ(ϕ(γ) Φ(s(σ)) h).1 =
= (θ ◦ ϕ(γ) θ ◦ Φ(s(σ)) θ(h)).1
Finally remark that the torsor p : T → X is a Galois cover of X if and only
if the action of Gal(k¯/k) on H is trivial or equivalently the Nori Galois group
Hk is the constant group H . In this case the the group G is isomorphic to the
direct product
G ≃ H ×Gal(L/k)
Consider the particular case where f : Y → X is itself a geometrically
connected torsor under a finite group scheme H0 and suppose that Y (k) 6= ∅.
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According to corollary 3.22 the group-scheme Hk defined above is isomorphic
to H0 and the morphism g : T → Y defined above is an isomorphism of torsors.
We have the following cartesian diagram
Z ≃ YL //

Y
f

XL

// X

Spec(L) // Spec(k)
Let us consider another model f ′ : Y ′ → X over k of the Galois cover
Z ≃ YL → XL. It corresponds to another section s′ of the short exact sequence
1 // H // G // Gal(L/k) // 1
where H = H0 ×Spec(k) Spec(L) is a constant group and G = Gal(Z/X).
The groupH with the action of Gal(L/k) defined by s′ defines a k-group scheme
H ′ and Y ′ → X is a torsor under H ′.
If Y ′(k) 6= ∅, the argument used for Y → X applies to Y ′ → X , and one
concludes that the torsor Y ′ → X is isomorphic to T → X , and thus to Y → X .
We have shown the following statement:
Proposition 5.1. Let f : Y → X be a geometrically connected torsor defined
over k under a k-group scheme H0, L/k the smallest Galois extension of k such
that H = H0 ×Spec(k) Spec(L) is constant. Suppose that Yx(k) 6= ∅. Then there
is a one to one correspondence between classes of conjugation of sections of the
short exact sequence
1 // H // G // Gal(L/k) // 1
and classes of isomorphism of k-models Y ′ → X of YL → XL. Both sets are
parametrized by H1(k,H0) pointed by the section s attached to the rational point
x ∈ X(k). This section corresponds to the unique (up to k-isomorphim) model
Y → X such that Yx(k) 6= ∅.
6 Appendix 1
6.1 Gerbes, groupoids, and short exact sequences
The general tannakian duality statement says that a tannakian category is
equivalent to the category of representations of the gerbe of its fiber functors,
or equivalently to the category of representations of some k-groupoid. The cor-
respondence between gerbes over k and k-groupoids acting transitively on a
k-scheme is explained in [3]. Let us recall it briefly.
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Definition 6.1. A k-groupoid G acting on a k-scheme S is a k-scheme G given
with a k-morphism (t, s) : G → S ×k S (target and source) and a product
morphism
m : G×sStG→ G
over S×k S, a unit element morphism e : S → G over the diagonal S → S×k S,
and an inverse element morphism i : G→ G over the morphism S×kS → S×kS
which maps (s1, s2) to (s2, s1) ; these morphism must satisfy the commutativity
of diagrams expressing associativity of m, and properties of unit element and of
inverse elements.
If (t, s) : G → S ×k S is a k-groupoid acting on S, and f : T → S is a
k-morphism of k-schemes, the pull back GT of G is a k-groupoid acting on T :
GT //

G
s,t

T ×k T
f,f // S ×k S
Definition 6.2. The k-groupoid G → S ×k S acts transitively on S if there is
a fpqc-covering T → S ×k S such that GT (T ) 6= ∅.
Definition 6.3. A gerbe G over S for the fpqc-topology is a stack over S for
the fpqc-topology such that
1. G is locally non-empty: there is a covering of S by (Ui)i such that G(Ui) 6=
∅
2. two objects are locally isomorphic: if ξ and ξ′ are objects of G(T ), where
T → S, there is a covering (Tj)j of T such that, for all j, ξ|Tj ≃ ξ
′
|Tj
Given a gerbe G over a field k and a section ω over some k-scheme X , one
defines the groupoid ΓX,G,ω = Aut(ω) → X ×k X , representing the functor
associating to any morphism (b, a) : T → X ×k X the set Isom
G
T (a
∗ω, b∗ω). If
u : Y → X is a k-morphism, one has the following formula
u∗ΓX,G,ω = ΓY,G,u∗ω
In the other direction, given a groupoid Γ → X ×k X acting transitively
on the k-scheme X , one defines a fiber category G0X,Γ whose objects are k-
morphisms T → X and where the morphisms from a : T → X to b : T → X are
(a, b)∗Γ. Let GX,Γ be the stack associated to G0X,Γ. The fact that the groupoid
acts transitively on the k-scheme S means that any two objects of GX,Γ are
locally isomorphic for the fpqc-topology, and thus GX,Γ is a gerbe.
Any morphism u : Y → X , where Y is a non empty k-scheme induces an
equivalence
28
GY,u∗Γ ≃ GX,Γ
One can define also similar notion for the étale topology in place of fpqc-
topology. We are considering here the case of the étale topology on Spec(k)
and we are going to explain that a gerbe G over Spec(k)e´t (or equivalently a
k-groupoid acting on Spec(k¯)) is equivalent to a short exact sequence built from
a section ω ∈ G(k¯):
1→ AutG
k¯
(ω)→ Π→ Gal(k¯/k)→ 1
where k¯ denotes the separable closure of k and Π is some profinite group we are
defining as follows.
As explained above, from ω ∈ G(k¯) one can define the groupoid (s, t) :
Γ = Aut(ω) → Spec(k¯) ×k Spec(k¯) acting transitively on Spec(k¯). Call ∆ =
Spec(k¯) ×k Spec(k¯) the trivial groupoid acting on Spec(k¯). And denote by
s : Γ1 → Spec(k¯) (resp. pr1 : ∆1 → Spec(k¯)) the schemes Γ (resp. ∆) endowed
with the map s (resp. pr1) over Spec(k¯).
The set ∆1(k¯) is canonically in bijection with Gal(k¯/k) and an element
γ ∈ Γ1(k¯) which maps to σ ∈ Gal(k¯/k) ≃ ∆1(k¯) is an element of Isom
G
k¯
(ω, σ∗ω).
There is a natural group structure on Γ1(k¯) compatible with the map Γ1(k¯)→
∆1(k¯) and the group structure on ∆1(k¯) ≃ Gal(k¯/k): it is defined in the fol-
lowing manner: if σ, τ ∈ Gal(k¯/k), γ ∈ IsomG
k¯
(ω, σ∗ω), δ ∈ IsomG
k¯
(ω, τ∗ω),
then
γ ∗ δ = σδγ ∈ IsomG
k¯
(ω, (τσ)∗ω)
thus the map Γ1(k¯)→ ∆1(k¯) is a group homomorphism whose kernel isAut
G
k¯
(ω).
Thus one gets the following short exact sequence
(1) 1→ AutG
k¯
(ω)→ Γ1(k¯)→ Gal(k¯/k)→ 1.
Let k ⊂ K ⊂ k¯ be an algebraic extension of k; one can pull the short exact
sequence (1) by the morphism Gal(k¯/K)→ Gal(k¯/k). A section s of this exact
sequence is the data for all σ ∈ Gal(k¯/K) of an isomorphism ϕσ : ω → ωσ
satisfying Weil cocycle conditions or equivalently descent data from k¯ to K for
ω. It is thus a section s˜ of the gerbe G on Spec(K).
Given two sections s and t of the short exact sequence (1) on Spec(K), the
morphisms from s˜ to t˜ in GL, where K ⊂ L ⊂ k¯ is a finite extension of K, are
the automorphisms of ω which are compatible with the descent data, that is the
elements γ ∈ AutG
k¯
(ω) satisfying
∀σ ∈ Gal(k¯/L) γ ⋆ s(σ) = t(σ) ⋆ γ
which expresses the commutativity of the following diagrams
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x¯⋆
s(σ)

γ // x¯⋆
t(σ)

(σx¯)⋆
σγ // (σx¯)⋆
We have defined a fully faithful functor s → s˜ from the category of sections of
the short exact sequence (1) to the gerbe G. This functor is essentially surjective:
let ρ be a section of G on an extension K of k, k ⊂ K ⊂ k¯, then ρk¯ is isomorphic
over k¯ to the section ω. And then ρ is defined from ω through descent data.
As we have seen above one can associate to these descent data a section of the
short exact sequence (1). We have proved the following statement:
Proposition 6.4. Any section s of the short exact sequence (1) on a finite
extension K of k gives rise to descent data from k¯ to K for ω and then to a
section s˜ of the gerbe G on K. The functor s → s˜ is an equivalence of gerbes
between the gerbe of sections of the short exact sequence (1) and the gerbe G.
When the gerbe G is neutral, i.e. possesses a section over Spec(k), choose
such a section ξ ∈ G(Spec(k)) and ω = ξk¯. Then the descent data from k¯ to k
defining ξ from ω give rise to a section s of the short exact sequence:
s(σ) : ξk¯ ≃
σξk¯ = ξk¯
and for λ ∈ AutG
k¯
(ξk¯),
σλ = s(σ) ⋆ λ ⋆ s(σ)−1. One gets the following
statement:
Proposition 6.5. Suppose the gerbe G being neutral and choose a section
ξ ∈ G(Spec(k)). The k-group AutG(ξ) is then defined by the abstract group
AutG
k¯
(ξk¯) endowed with the action of Gal(k¯/k) by conjugation through s.
6.2 Nori’s fundamental group and Grothendieck’s funda-
mental group
We assume here that ch(k) = 0. Let X be as usual a proper reduced and
connected k-scheme with a rational point x ∈ X(k). Denote by x¯ the geometric
point corresponding to x and by k →֒ k¯ the embedding of fields. This geometric
point x¯ gives rise to a fibre functor x¯∗ from the Galois category of étale covering
of X to the category of sets (identified to the category of finite étale k¯-schemes).
On the other hand x gives rise to a neutral fiber functor ωx of the tannakian
category EF (X) to the category of finite k-vector spaces.
In this situation, the arithmetic and geometric étale fundamental groups are
well defined and fit in the fundamental short exact sequence
(2) 1→ πe´t1 (Xk¯, x¯)→ π
e´t
1 (X, x¯)→ Gal(k¯/k)→ 1.
The rational point x ∈ X(k) defines a splitting of this short exact sequence, and
thus an action of Gal(k¯/k) over the abstract profinite group πe´t1 (Xk¯, x¯).
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Theorem 6.6. The Nori’s fundamental group scheme AutG(ωx) = π1(X, x) is
the k- scheme defined by πe´t1 (Xk¯, x¯) endowed with the action defined above.
Proof. In the gerbe G of fibre functors of the tannakian category EF (X), for any
fibre functor ω, AutG(ω) = Aut⊗(ω), where this notation represents the group
of automorphisms of ω compatible with the tensor product. The fact that Nori’s
fundamental group AutG(ωx) is the k-group defined by π
e´t
1 (Xk¯, x¯) endowed with
the action defined above is a consequence of Proposition 6.5 together with the
following proposition (see also theorem 4.4. of [6])
Proposition 6.7. There are isomorphisms making the following diagram com-
mutative:
1 // AutG(ωx)
≃

// Γ1(k¯) //
≃

Gal(k¯/k) //
=

1
1 // πe´t1 (Xk¯, x¯)
// πe´t1 (X, x¯)
// Gal(k¯/k) // 1
where the first row is the exact sequence (1) of section 6.1 and the second row
the fundamental exact sequence (2).
Proof. For all σ ∈ Gal(k¯/k) and for any étale covering h : Y → X , we have a
cartesian diagram
Yk¯ =
σYk¯
σhk¯

βσ // Yk¯
hk¯

Xk¯
ασ //

Xk¯

Spec(k¯)
σ˜ // Spec(k¯)
which defines σYk¯ and
σhk¯.
The restrictions of βσ to the fibers of x¯ and
σx¯ induce maps between finite
sets
βσ : (
σx¯)⋆(σY )→ x¯⋆(Y )
They define a natural transformation that we still denote ασ from
σx¯⋆ to
x¯⋆. To γ ∈ IsomG(ωx¯, σωx¯) ⊂ Γ1(k¯) let us associate γ˜ : x¯∗ ⇒ σx¯∗ and define
Φ(γ) = ασ ◦ γ˜ ∈ π1(X, x¯)4. The following commutative diagram proves that Φ
is a group homomorphism:
4The category of étale finite covering of X can be identified to a subcategory of EF (X)
by the functor which sends a finite étale covering f : Y → X to f∗OY . We are identifying the
restriction to this subcategory of ωx,k¯ with x¯
∗
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(στ x¯)⋆(στY )
σβτ // (σx¯)⋆(σY )
βσ // (x¯)⋆(Y )
(σx¯)⋆(σY )
σ δ˜
ggOOOOOOOOOOO
σΦ(δ)
OO
βσ // (x¯)⋆(Y )
Φ(δ)
OO
(x¯)⋆(Y )
γ˜
ffMMMMMMMMMM
Φ(γ)
OO
To verify that Φ is an isomorphism, il suffices to check that the diagram
1 // AutG(ωx)
Φ
|AutG(ωx)

// Γ1(k¯) //
Φ

Gal(k¯/k) //
=

1
1 // πe´t1 (Xk¯, x¯)
// πe´t1 (X, x¯)
// Gal(k¯/k) // 1
is commutative and that the two maps Φ|AutG((ωx)) : Aut
G(ωx)→ π1(Xk¯, x¯) and
∆1(k¯) → Gal(k¯/k) are isomorphisms. It is obvious for the second one. As for
the first one it suffices to notice that AutG(ωx) is the Nori’s fundamental group
of Xk¯ based at x¯, which is known to be isomorphic to the projective limit of
finite k¯-group schemes occurring in finite torsors Y → Xk¯, which is equivalent
to finite étale Galois covering of Xk¯. Thus Aut
G(ωx) is isomorphic to π1(Xk¯, x¯).
To check that the diagram is commutative we only have to check that the
right square is commutative. The morphism πe´t1 (X, x¯)→ Gal(k¯/k) is associated
in the Galois theory with the functor which sends any finite étale k-algebra
k ⊂ K to the purely arithmetic covering X ×Spec(k) Spec(K)→ X .
Let k ⊂ K be a finite étale k-algebra. The structural morphism x¯⋆(XK)→
Spec(k¯) can be identified canonically to Spec(K⊗k k¯) ≃ Spec(k¯SK )→ Spec(k¯),
where SK is the set of k-embeddings of K in k¯, corresponding to the diagonal
morphism k¯ →֒ k¯SK . In particular it does not depend on the k¯-point x¯.
Let γ be in IsomG(ωx¯, σ
∗ωx¯) ⊂ Γ1(k¯) where σ ∈ Gal(k¯/k). When we restrict
γ to the full subcategory T of EF (X) whose objects are OXK , where k →֒ K
runs among finite étale k-algebras (or more generally finite k-vector spaces), we
get a tensor automorphism of the trivial fibre functor extended to k¯ from the
category EF (Spec(k)). It is easy to check that the Nori fundamental group of
Spec(k) is trivial, and thus, the restriction of γ to T is trivial.
On the other hand, when we restrict the natural transformation ασ to objects
of the form XK → X , where K is a finite étale k-algebra, σ induces 1K ⊗ σ :
K⊗k k¯ → K⊗k k¯, and modulo the isomorphismK⊗k k¯ ≃ k¯SK , the isomorphism
k¯SK → k¯SK given by the following formula:
(⋆) (λϕ)ϕ∈SK → (σ(λσ−1ϕ))ϕ∈SK
Finally, the restriction of Φ(γ) = ασ ◦ γ˜ to objects of the form XK → X is
given by the formula (⋆), which corresponds on the set SK of k¯ points of k¯
SK
to the map
32
ϕ→ σ ◦ ϕ
We have checked that the image of Φ(γ) ∈ π1(X, x¯) in Gal(k¯/k) is σ ∈
Gal(k¯/k) as expected.
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